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The Theory of the Binary Octavic. 


By AnNA WHELAN. 


Introduction. 


The theory of the binary octavic is the theory of eight numbers. We 
shall denote these numbers by the symbols 1, 2,::-,8. Out of these we may 
form products of differences of the type: 


where 12 denotes the excess of quantity 1 over 2. The number of such 
products w is 105, for in any such product any number, say 1, occurs combined 
with 7 others giving us differences of the type 12, and each such difference 
12 occurs in fifteen products, the fifteen products of differences of six points. 

Hight points may be paired in 28 ways. Any product such as 12-34-56-78 
involves four differences, or pairs, so our 105 products fall into sets of seven 
such that no two products of the set contain a common pair. There is more 
than one type of such sets as we may see by considering the two sets H and H’. 


H 
12°34-56-78 
13:24:75°86 
14:°32°67°85 
15°62°37°84 
16-25-7%4-83 
17-°82-46-53 


H’ 
12-34-56-78 
23:45-67-18 
13-24-57-68 
17-28-°35-46 
14-27°36-58 
16:25-38-47 
15:26-37-48 


Both H and H’ contain all 28 pairs, but they are very different in type. In 
H, 7 has a pair of factors 12-34 whose four elements occur as a pair of 
factors again in 72 as 13-24, and again in zs as 14:32. In general any two 
products of H pick out a third product of H such that the three products 
have this property. This is not true of H’. 

We shall refer to the sets of 7 products as heptads. We are interested 


= 12-34-56-78 
i 
P1 
Pe i 
74 Pa 
75 Ps 
Pe 
Pr 
: 
4 
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only in heptads of the H type. Let us determine the number of these. To 


do this we consider the possible heptads built up out of the product 
= 12:34-56-78. 


We note that this product picks out 3 pairs of factors viz.: 12-34; 12-56; 
12-78. Hence our heptad must contain the pairs: 


12-34 12-56 12-78 
13-24 15-26 17-28 
14-32 16-25 18-27. 


So, starting with 7, = 12-34-56-78, we can fill second place with 
me = 13-24-57-68 or 13-24-58-67. 
Choosing the first of these we must have: 

= 14°23-58-76. 


The pair 15-26 can occur in 15-26-34-78, but this product is ruled out since 
34-78 already occurs. Moreover the product 15-26-37-48 is also ruled out, 
since in the second product 1, 5, 3 occur combined with 8. Consequently we 
have only one choice, viz., 15-26-38-47, for fourth place. Likewise the re- 
maining three products are uniquely determined. Hence our heptad is com- 
pletely determined by two products. We note that each product occurs in two 
heptads giving us 210 products forming sets of seven. Consequently the num- 
ber of heptads is 30. These heptads may be called the Noether-Coble Hep- 
tads since they were first indicated by Noether and were first given by Coble. 


§ 1. Construction of the Thirty Noether-Coble Heptads. 
We have constructed one heptad: 


= 
13°24-75-86 
14-32-67-85 
15-62-37-84 
16-25-74-83 
17-82-46-53 

Denoting the 30 heptads by 


01, G2, ° 


715; 81, 82, ° S15; 


To 
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we may, by applying the following substitutions, obtain the complete set. 


(12)o, =— (16) o3 = — S19 (18)s, = — a6 

(13)o, = — 82 (17)o3 =— S11 (15)s. — 

(14)o, = — 83 (18)o; = — 89 (16) s, = — 
(15)o, = — (15) 0. = — $12 (17) = — ag 
(16)o, = — 85 (16) = S15 (18)s2 = — on 
(17)o1 = — Se (17) = — 843 (15) s3 = — 
(18)0, —=—s; (18) = — S44 (16) s3; = — 

(567)o, (15)s:; =— os (17) 85 = — ois 

(567) o2 = a3 (16)s, =— (18)s; = — 
(15)03; = — 83 (17)s, =— 


§2. Group of the Heptads. 


These thirty heptads admit the group G,;. They divide into two sets of 


15 heptads 
X= 01, 01," G15; 


S=s,, So, °° S155 


such that § and S are unaltered under the even substitutions of the @s:, while 
> is sent into —S under the odd substitutions of Gs; This fact may be 
proved by applying the generators of Gs:/2 to the table of heptads which we 


include: 
THE NOETHER-COBLE HEPTADS. 

o, 12:°34-56-78 og 12-°36-45-78 01, 17:65-23-48 
13-24:75-86 13:62°47-85 16-57-24-83 
14-32-67-85 16-23-57-48 15-76°28-34 
15-62:37-84 14-52-37°86 12-37-64-85 
16°25-74-83 15-24-38-67 13-72-68-54 
17-82-46-53 17-34-56-82 14:87-62°35 
18-27-36-45 18-27°35-64 18-7%74-63-52 

o. 12°34:67-°58 o; 18:27°43-65 O12 138-47-28-65 


17°34-25-86 


13°42-56-78 17-82-45-36 

14:23-57°86 12-78-46 -53 14-73-26-58 
15-82°63-47 13-84°25-76 12°83:°46-57 
1648-27-35 14:38-26-57 18:32-45-76 
1864-25-73 15:86°23-74 15:36-48-72 
16:58 :24-37 16:53-42-87 


| 
3 
| 


Sy 


S2 


12-34-68-75 
13-24°58-76 
14-32-65-78 
15:83-27-64 
16°82-37-54 
1784-36-52 
18-35:26°47 


12-38-65-74 
1382-67-45 
14°86°27°35 
15:78-62°34 
16:48 -25°73 
17°85:-42-63 
1864-23-57 


12-%73-56-48 
1358-27-64 
14:36-57-82 
15°83 -26-47 
16-43-52-78 
17-32-54-86 
18:35°24-76 


13-24-58-76 
12-34-56-78 
14:23-86°57 
15:83-26-47 
16-48-25-73 
18-27-35-64 


12:34-58-67 
13°24:75-86 
14-32-78-65 
15-28-3764 
16-%2-38-45 
17-53-26-48 
18-74-63 -52 
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12:38:45 
15-24-37 -86 
14-52-36-78 
13°75-28-°64 
17-53-26-48 
16-58-27 
18-65°23-74 


12:36:47 
16:23°45°7 

13-62-48 -57 
14-72-38 -56 
17-24-35-68 
15:28:°37-64 
18-52-34:76 


1734-26-58 
1347-25-86 
14-73-28-65 
12:67:35 
16°72-38-45 
15:87:32 -64 
18:75:°36°42 


12:36-45-78 
13:62:48 
16:23-47°85 
14-52-67 -38 
15:24:°37-86 
18-27-43 -65 
17°82-46-53 


17:34:56 -82 
18:27-°36-45 
12-78 :°46-53 
13°47-25-86 
14:73 -26-58 
15°76-23-48 
16:57-24-83 


15-76-23°48 
12:86°53-47 
14:63-58°72 
13-46-52-87 


15:24-36°78 
12°45:% 
13°84: 
18-43: 
17-46-58 -23 


6 
«3 
or 


CO 2 


O15 12:36:48 


16°23-47-85 
13-62:°45-78 
14:82-35-76 
18-24:37-65 
15°72°34-86 
17-25-3864 


$1, 15-72°34-86 


17:°84-36-52 
12:83-46-57 
13:82-67-45 
14:87°62°35 
16-58-24-37 
18:65:23 -74 


Si2 18°52-34°76 


15-63-47 -82 
12°37-64-85 
13°84:°72-56 
14:38-26-57 
16:53°42-87 
17:°32-54-86 
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S3 12°34-68-75 S83 12:36-48-57 Si3 18°24-°37-65 
1342-56-78 16:23-45-78 14-36-57 -82 
14-32-67-85 1362-47-85 
15:36:48 -72 14-73-28 -65 13:46-52-87 
16-74-53-82 18-35-24-76 17-62-45-83 
17-25-38 -64 15-83-2764 15:86 
1862-54-73 17-34-25-86 16-58-27-43 

S, 17:°24-35-68 Sy 15-24-38-67 S14 12°36-47°85 
14:63-58-72 14:52-36-78 16°23:48-57 
12-38 -65-74 12-45-37-86 13:62-45-78 
13-75-28 -64 1358-27-64 14:27-35-86 
1867-54-32 18-35-26-47 17-°24-83-65 
15:37-84-62 16-57-28 -34 15:28°34-76 
16:43-52-78 17-65-23-48 18-52-37-64 

8; 14:82-35-76 Sio 14-72-38 -56 S15 14-52:37-86 
18:75-36-42 12-86-53-47 15-24-36-78 
12-73-56-48 17°85 13-47-28-65 
13°72:°68-54 13-84-25-76 1734-26-58 
15:78°62-34 18-43-57 -26 12-45-38 -67 
16°74:°83-25 1682-37-54 18:64-23-57 
1746-58-23 16°48 °27°35 


In constructing the heptads we have attached a sign to each product by 
considering the product 12-34-56-78 as positive. Every other product is posi- 
tive or negative, according as it is obtained from 12-34-56-78 by an even or 
an odd substitution. In the table every product is positive. 

Every heptad may be regarded as an Abelian group of order eight. If 
we consider the products 12-34-56-78 as substitutions of order 2 and add the 
identity we see that o; forms an Abelian group of order 8 under which the 
heptad o; is invariant. If we let A, B, C denote respectively the substitu- 
tions: 12-34-56-78 ; 13-24-57-68; 15-26-37-48 we may write the substitutions 
of the group in the form: 


1, A, B, AB, C, AC, BC, ABC. 


§ 3. Triad System on the Heptads. 


Considering the table, we note that the pair 12-34 occurs in 6 heptads 
010203, 815283. Restricting ourselves to the o-heptads, we see that the 
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pairing (12-34) picks out a triad 010203. There are 35 divisions of the type 
(12-34). Consequently we have 35 triads of the type 01,0203. These are: 


010203 (1234) 05010015 (1248) 
010405 (1256) 05011014. (1732) 
010607 (1278) (1524) 
010809 (1357) T6090 15 (1236) 
01010011 (1386) 03012015 (1527) 
01012013 (1485) Os013014 (1826) 
01014015 (1467) O40s012 (1823) 
020406 (1486) 0409013. (1427) 
020507 (1457) 04039014. (1578) 
203019 (1267) 04011015 (1345) 
O209011 (1258) 0503013 (1364) 
62012014 (1635) (1437) 
02013015 (1738) 6011013. (1756) 
030407 (1637) (1856) 
020506 (1358) 07019013 (1235) 
o30801, (1478) 0709014 (1348) 
19 (1564) 07011012 (1624) 


0509012 (1678) 


This triad system belongs to the class which has a “head.” This head is 
composed of the following 7 triads: 


020406, 02012014) 0498012, 

040910914) 0608014, %6010912- 
Every triple of this system is of index 1'* and admits the group Gg:/2. It is 
the Kirkman Triad System.* 

We will now denote by o; and s; the sum of the seven products in the 
heptads oj, s;. We note that o, is sent into —s, by the interchange (12) 
whence o; + s, is sent into —(o,-+s,). Consequently o, + s, contains the 
factor 12. Likewise it contains the factors 34-56-78. Hence. 


o, + 8, =x‘ 12-34-56-78. 
To determine the multiplier x, we note that 


12-34 + 13-42 + 14-23 = 0, 
56-78 + 57-86 + 58-67 = 0, ete. 


*See White, Cole, Cummings, Memoirs of the National Academy, Vol. XIV, Second 
Memoir, p. 77. 


type 


1 is 


t is 
the 


2) 
the 


nd 
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Now o1 = S,;= 12-34:56-78 (=71) 
+ 13-24-75-86 (==72) + 13-24-58-76 (=7,’) 
+ 14:32-67-85 + 14:23-86-57 (=7,’) 
+ 15-62-37-84 + 15-83:26°47 (=7’,) 
+ + 16-48-25-73 (=n’s) 
+ + 17:82-45-36 (= 
+ 18-27-36-45 (=7;) + 18:27°35-64 (=7,’); 

so that 


+ = (13-24 + 14-32) 75-86 12-34-75 -86 
a3 + mo’ = (14:32 + 13-24) 67-85 — 12°34-67-85 
te + + me’ + 23’ = 12:34:°56°78 

+ 15’ = 12-56-73-84 

ws + m4’ = 12-56-47-83 

ms + + = 12-34-56°78. 


Whence + s; = 


We have therefore proved that the sum of two heptads having a common 
product is equal to 5 times that common product. The seven products of 
every heptad occur individually in 7 other heptads. We shall call these 7 
heptads the correlates of the first. Thus o, has for correlates s,828354858¢S7. 
Any heptad may be expressed linearly in terms of its correlates. Consider 
the heptad o,: 


o, + 8, = dm, + = 0; + So = 526 
01 + dm + Ss = 0; + Ss; = 
+ 83 = 


Adding we get: 


whence o, =— +52.+° 


Thus we see that every heptad is equal to minus one-half the sum of its 
seven correlates. 

Consider now the six heptads on the pairing (1234). These are o;, a2, o3, 
$1, S2, S3- 


+ 8, + 02 + 82 + + 85 = 
12-34(56-78 + 58-67 + 57-86) 


= 
= (0), 
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Consequently we have 35 identities among the heptads, six at a time. They 
are: 

(1) a 
(2) o1tostos+ 5;=0 
(3) o1+ 06 +07 + 81 + 8 + 8; = 0 
(4) tos 5, + 55 = 0 
(5) or tow +s,—0 
(6) o, tor. + + 83 + 54 + 
(7) tous + ois + 53 +85 + 
(8) +5, + 514+ 515 = 0 
(9) ootos torts + 82+ 513 =0 
(10) os +5 + o19 + 82 + 813 + 515 = 0 
(11) os tog toi + + + S14 = 0 
(12) o2 + o12 + + 83 + S12 + S15 = 0 
(13) os + ois + o15 + 83 + Sis + S14 = 0 
(14) os toy to, +s, + + 511 = 0 
(15) os tos +8, +83 + 89 = 0 
(16) os + og +01, + 82 + 59 + 511 = 0 
(17) os + + So + 83 + = 0 
(18) o3 + o12 + o15 + + 511 = 0 
(19) + O13 + O14 + 83 + So + Sin = 
(20) os, tog toy + $11 + 515 = 0 
(21) o4 + 09 + 013 + 84 + S19 + Sia = 0 
(22) + 019 + + 85 + + Sis = 0 
(23) og tou + 85 + + S14 = 0 
(24) G5 + 03 + O13 + Ss + So + S13 = 0 
(25) + o12 + + 8g + S12 = 0 
(26) + o15 + 85 + 83 + S13 = 0 
(27) Os + O11 + O14 + $5 + S89 + S12 = 0 
(28) og tos + org + 86 + 89 + 515 = 0 
(29) + + O15 + Se + 83 + Sig = 0 
(30) + o19 + + 87 + 83 + 515 = 0 
(31) G6 + O11 + O13 + 87 + 89 + Sg = 0 
(82) tos tois + 86 + S11 + S13 = 0 
(33) Or + O19 + O13 + 87 + S19 + S13 = 0 
(34) + o12 + 87 + 811 + S12 = 0 
(35) o7 +09 + o14 + 86 + S10 + Sig = 0. 


hey 


WHELAN: The Theory of the Binary Octavic. 


Each heptad occurs 7 times in these equations. Adding we get: 


V(o, Sis) =0. 
Now every product of the 105 is contained in both the o- and s-heptads. 
Consequently 
oj = 38; = 3 12-34-56-78 — 0, 
a result, which we may obtain in a different way as follows: 
Consider the summation 


105 
An odd interchange like (12) sends each term into the negation of some other 


term. Consequently 12 is a factor of the sum. Likewise all 28 differences 
105 


12 are factors of the sum. Hence for 10, 1, or 2, 3 2;7**1 —0, since it 


is not of high enough degree to contain these 28 factors. For 1=3, 
3 12:34---%8. The same argument gives 
+. 9,241 == 0, for 0, 1 or 2, 
but + 557 = 2p 12-13-14: - 78. 
Also — — 0, for 1—1, 2, 3. 


> oi* — 3 s;§ is of high enough degree to contain the product of the 28 
differences, but it would have to be equal to this product multiplied by a 
factor of degree one, which is unaltered by any permutation of the roots. 
The octavic has no linear invariant. Consequently: — si* = 0. 


$4. The Complete System of Invariants of the Octavic. 


The octavic has nine fundamental invariants,* one of each order from 
2 to 10 inclusive. The functions 
oi" + 3 when n is even, and 
oi" — 3 when n is odd, 
are unaltered by any permutations of the roots of the octavic and so are 
rational invariants of the octavic. We may therefore write as fundamental 
invariants : 


+ 3 5? 23 0,7? — 2, — 857 = 2 = 2, 
— = 2, Sok + 3 55 —2 
2 S0;* 2, Soi? — = 21, 
— 355 = 2; + 542° = 21 


* Pascal, Repertorium der Héheren Mathematik, Vol. I, ed. 1900. 
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This is the complete system for the octavic. We will find it convenient to 


have the following facts in parallel arrangement. 


+3 = 21, 
—3s,° = 21, +3s3—0 

Soit+ 3st 2, Sot —35,4=0 

Yo,5— 35,5 = 21, 

+ 3 = 21, o,°— 5,° = 0 

o,7—3s,7 = 21, Soi +3 5,7 
+3 = 21; —3 35,2 = 

3 s,° = 21, +3 5,°= 2, VAI, 
— 3s, = 2h, Soi? + 35,22 2, VAR, 
Soi? + 3 = — 3 = 2, VARs 
— 3 8,15 = + 3 = 2, VAR, 
+ 3 5,4 = — 3 5,14 = 2A, VAR; 
— 3 5,15 21,5 + 35,15 = 2, 


where A; is an invariant of order 1. 


§ 5. The Discriminant of the Octavic. 


We have seen that So,’ + 3 5,7 = 2p VA when A denotes the discrimi- 
nant of the octavic and p» is a numerical factor. To determine the value of p, 
we select the particular octavic z*— 1, whose roots are the 8 eighth roots of 


unity, 1, a, a*,’ - -, a’, wherea= Vi. 


o; = (1 —a) (a? — a*) (a* —a°) (a® — a’) 
+ (1— a?) (a— a’) — a*) (a? — a’) 
+ (1—a®) (a? —a) — a’) (a7 — a‘) 
+ (1—a*) (a® — a) (a? (a? — a’) 
+ (1—a*) (a —a*) (a® (a7 — a’) 
+ (1—a®) — a) (a* (a* —a’) 
+ (1— a") (a—a®*) (a*—a®) (a? —a*). 


Multiplying each factor by a is equivalent to multiplying each product by 
— 1 and consequently sends o into its negative. Multiplying each factor of 


ent to 


= 


3 
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by a is also equivalent to operating on o with the odd substitution T= 
(12345678). But T (o;) — = — O71. Hence O71 = S4. 
Operating with T on all 15 o’s we get the following equalities: 


O71 == = O7 = Sis F19 = S10 O13 = §5 
= Sg = 87 Og = Se O11 = S14 014 = Sg 
03 = S12 = S11 Oo = Se O12 = O15 = $13 


These equalities among the 30 heptads show that for the octavic 2*—1 all 
the invariants of odd order are zero. 

In addition to these equalities there are also equalities among the o-hep- 
tads. These may be derived by operating on o; with the cyclic group of 
order 8: 1, 7, T?,---, 77%. Operating on o1 we get: 


To, = (12345678)o, =—o, = — 
T?o, = (1357) (2468) o, = 

To, = (14725836 )o, =— 0, = & 
= (15) (37) (26) (48)o1 = oy 
= (16385274)o, = —o, =— & 
= (1758) (2864)o, = 

To, = (18765432)o, = — 0, = — 


Whence we see that o; is invariant under the even substitutions of this group, 
and is only altered in sign by the odd substitutions. 
Operating on o2 by the substitutions of this group we get: 


C2 = Og = Og = O7 Sg = = S12 = S15. 


Continuing this process we find that our 30 heptads reduce to 7 quantities. 


= S4; 
C2 = = C7 = Sg = $11 = S12 = S15, 
O4 = = Ss = Sz, 


Og = = So = Se, 


O19 = O11 = 014 = O15 = Sg = Sip = S13 = S15, 
012 = 
O13 = 


Hence we have: 


VA = 2 (0,7 + + 2047 + 2057 + + + 0107) 
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To find the values of 01, o2, os, 010, We make use of the equations: 


C1 5 (15-62-37-84) 


o, = 5% (15-62-37-84) — 40% 
= ¥4(15-82-63-47) = —10i(1 + V2) 


os + 5(17-53-26-48) 
os = 54 (17-53-26-48) 20; 
+ Sip = 5(15-87-32-64) 
O19 = 54 (15-87-32-64) — 10i(1 — V2). 
We can not obtain o4, 012 and o;3 in this way, because they are not equal to 
any of their correlates. We obtain o, by straight substitution, getting 


o, = 301 

O12 = 101 (1+ 2) 

13 = 101 (1— 2/2). 

VA— 10% {47 + 4[(1+ V2)" + (1— 


—[(1+2vV2)* + (1—2V2)7] —2-37 — 2%} 
= 1680710". 


The best way to get the product of the differences of the roots II is to note 
that 

28 
(o + 81) (o1 + 82) + 83) (01 + 8s) (01 + 85) (01 + 86) (01 + 87) = 5H 


o, + 5, =— 101 (3 — 


C71 + 

+ s,—=— 801 

o, + —=—10i (3 + 

C1 + sg = — 201 

+ s;=— 101 
28 

= 107(3 — 2/2) (3 + 2) — 
I = 


28 28 
VA=+0/8= + +i 
pVA=H pi= 16801-1007 
p= + 1680-107 = + 211-3-58-7 


/ 

i 3 
| 

i 

28 
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§6. The Equation of the Fifteen o-Heptads. 


Let us write the equation whose roots are the 15 o-heptads in the form 


gid + Ku)! + Kis = 0. 


Making use of Salmon’s Table,* giving the sums of the products of the roots 
of an equation in terms of the powers of the roots, and noting that 3 oi’ = 


I,+ we obtain 


ke = 3 0102 = — 1/2 
kz = — 01020; = — 
Kk, = 3 0102030, = (I,? — 
kj =— * ‘05 = —I1;/5 + 1213/6 
Kg = 0102' =— I,°/48 I,1,/8 I,?/18 — 1,/6 
= — = 1215/10 — 1271/24 + Py. 
/t—pft VA 
1.71,/32 — 52/36 + 
= — = — 12715/40 + 12°13 /144 — 
— I,?/162 +- /14 + 141, /18—1,/9 
— (41/9 ~ 4/14) VA 
Kio = * = — 12/3840 + + 
— 1,21, /48 — — I21,2/64 + 
+ — + + 152/50 
— Tyo/10 + (4/21 — 2/10) Ip VA 
= — = /240 — 415/40 — — g/1152 
+ — 1,71, /56 + — 
+ + 1516/30 — + Iple/24 
/28 — /11 — (#/se— 4/10) 
— — pl,/28) VO 


Kg = 301° ‘og = 1,*/384 


§ 7%. The Equation of the Thirty Heptads: A Resolvent Equation of 
Degree Thirty of the Octavic. 


The equation whose roots are — s;, —S2, * may be obtained 


from the equation of the 15 o-heptads by changing the sign of VA. Denot- 


* Salmon, Higher Algebra, p. 307. 
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ing by F(o) and F(—s) the equations of the o- and — s-heptads respectively 
we have: 


F(o) =a — [,/2 2% —I;/3 VA(—p/7 + +) =0 
F(—s) — 1,/2 —1,/3 -— +: -) =0. 


Multiplying these two equations we get an equation of degree 30 with roots 
O1, * O13, —S1, °° Denoting this product by we have: 


Py = —I,/2 gis... 


Noether* defining a set of 30 functions 3, corresponding to the heptads con- 
sidered here, shows that the equation which they satisfy may be used as a 
resolvent equation for the octavic. 

The sums of the nth powers of the roots of F';) are the invariants 2J». 
Consequently we may write F';, without using A explicitly. 


Foo = — — 215/38 — — 14/2) 2° + —I5/5) 2” 
+ — + 21,7/9 — 
+ (2/5 — 21,/% + 1314/3 — 1.71;/3) x** 
4 (12/8 — 15/4 + Tolo/3 + Tot /24 — /4 + 5/15 
— 
+ (2/7 — + 21316/9 — 1275/5 — 
+ — 4/81 I,° + 
4+ — 125/120 + — 6/6 — /8 
+ + 4/21 Isl, + — + 2157/25 — I10/5) 2° 


§ 8. Significance of Equalities among the Heptads. 


If A, the discriminant of the octavic, is zero, each o-heptad is equal to 
the negative of one of its seven correlates, and Fs) is a perfect square. 
Conversely if any heptad is equal to the negative of one of its correlates, 
every heptad is equal to the negative of one of its correlates, and the dis- 
criminant of the octavic is zero since 


A= + 81)? (o1 + S2)?(o1 + S3)?(o1 + S4)?(o1 + s;)? 
(o, + S6)?(o1 + 


an equation which has 30 equivalent forms. 


* “Ueber die Gleichungen achten Grades,” Mathematische Annalen, XV (1879). 
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THEOREM: If the discriminant of the octavic ts not zero, and any two 
of the o-heptads or of the s-heptads are equal, the roots of the octavic divide 
into two sets of four points which have the same cross ratio. 


To prove this we note that two o-heptads determine a triad and any triad 
picks out a division of the eight points into two sets of four. Let the two 
equal heptads be o; and a2, These pick out the triad 010203 which gives the 
division (1234) (5678). 


Now + = 5°12°34:56°%8, + = 5-14-23-57-86. 
o, gives 12-34-5678 = 14.23.57.86, 


12-34 57-86 
14:23 ~ 56-78 
Hence we have proved that if two o-heptads are equal, the octavic divides 
into two projective sets of four points. The argument is the same for two 
equal s-heptads. Conversely if the octavic divides into two projective sets 
of four points, there are two equal o-heptads or two equal s-heptads. 

The invariant, whose vanishing implies the division of the roots of the 


whence or {13-24} = {58-76}. 


octavic into two projective sets is then: 
(o, —o2)?(o,— 03)? , (8; 


which is of degree 420 in the heptads and consequently of degree 420 in the 
roots of the octavic. This invariant which we may call 0°42» is the product 
of the discriminant of F'(o) and the discriminant of F(—s). 


THroreM: If the three heptads in any triad are equal (A0) the 
roots of the octavic fall into two self apolar sets. 


Let CO; = Cg = Cz. 


gives us {13:24} — {58-76} 
= 03 gives us {14:23} — {57-86}. 


Let {13-24} = {58-76} =a 
then {14-23} A/(A—1), {57-86} =1—A, 
whence A/(A—1) = 1—A, or A#?—A+1=—0. 


.. \=—o or —w? which proves the theorem. 


THEOREM: If two heptads of a o-triad and two heptads of the correspond- 
ing s-triad are equal (A 0), the roots of the octavic form two harmonic sets. 


roots § | 

have: 
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Conversely if the roots of the octavic form two harmonic sets two of the 
o-heptads and two of the corresponding s-heptads are equal. 


By corresponding triads we mean the two triads whose six heptads add up 
tO ZeTO, €. G10203, $8283, are corresponding triads. 


Let us suppose o, =o, and 8; = 82. 


ots 13-24, 
1423 
.. {12-34} = —1 = {57-86} 


which proves the theorem. 

In the preceding discussion we have assumed that there are no equalities 
among the roots of the octavic. If the octavic has only one double root the 
theorems still hold; but the proofs break down in case of two double roots 
or of a triple root. 


§ 9. Derivation of the Necessary Invariant Conditions that an Octavic 
Have a Triple Root. 


Maisano,* using the ordinary system of invariants, has shown that, if 
an octavic have a triple root, five independent invariant relations must vanish. 
These are of orders 6, 7, 8, 9, 10. In the system of invariants, set forth in 
this paper, the necessary conditions for a triple root are readily derived. 
Let us assume that three of the roots of the octavic, say 6, 7, 8 coincide. 
Now the roots 6, 7, 8 pick out 5 o-triads and 5 corresponding s-triads, cor- 
responding to the divisions : 


(1678), (2678) = (1345), (3678) — (1245) 
(4678) = (1235), (5678) — (1234). 


Since 6, 7, 8 are all equal the three heptads in the triad corresponding to the 
division (1678) must be equal, since they are obtainable, one from the other 
by permutations on the roots 6, 7, 8. Likewise the three heptads in the 
corresponding s-triad are all equal, and equal to the negative of the heptads 


*“T/Hessiano della sestica binaria e il discriminante della forma dell’ ottavo 
ordine,” Rendiconti del Cercolo Matematico di Palermo, 4 (1890). 


| 


the 


d up 


in the o-triad. Similarly the heptads on the divisions (2678) = (1352) are 


all equal, etc. Hence we have the following equalities: 


C1 = 02 = 03 = — — 82 = — 83 

O4 = O71, = O15 — — S11 — S14 
C7 = Cin = O13 — 87 $19 — 


Thus we have the fact that, if the octavic has a triple root, the equations 


F(a) and F(—s) become perfect cubes. 


F(c) = + + 


Whence we have: 


Ko > Ks = Ky = 3A,” Kg == 3A; + 6A.,Asz, 
Kg = A;* + 3A,* + Kk; = + 6A.A; 3A,7Asz, 


xg = 6A;A5 + 342A, + + 34,2, 
kp = A,® + 3A,?A; + 64,4;4, + 6444s, 
kip = 34,2 + + 3424.2 + 


>> 6A;A,A; + Ae 3A,*A;, Ki3 3A,"A; 3A,7As, 


2 
Ki4 Ag, A;*. 


' From these equations we derive the following five independent relations: 


Re = + 5x2? — 9x3? — 18xoKx, = 0. 
R, = — + + 6xoxs — = 0. 
Rg = 9xg — + + — = 0. 
Ry = — + — 18K4K5 + = 0. 
Ryo = 81 — 27K 57 — — + 
— + + 18koK3x5 = 0. 


A number of additional relations exist, but they are simply combinations of 


these five. 
Substituting for the coefficients x2, x3,° * +, we get 


R, — 10801, 2521.1; 351,71 2107,14. 
R, 2160/7, 180,” — 384],/; 1440]... 
2 
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Ry = 453601, — 22680114 — 29160121; — 68041, I;. 
+ 56701215 + 94501211, + 19601, — 

Rio = 10886401, + 1785125 — 364001,7/,2 — 68040011 

— 5184001,1; — 45360011, — %25761,2 + 2016001211; 

+ 2268001,2/, + 1323001.2 — 441007.°7, + 


Following Maisano, we may write the discriminant of the octavic in the form 


A= (Als + + +: AT 2*) Re 
+ (wil: + )R, (vil, 
+ (8,1; + Ry + (el, + 27) Rio, 


which reduces the problem of determining the discriminant of the octavie 
in terms of the fundamental invariants to the determination of 19 constants 
instead of 31. Maisano accomplishes the determination of these constants, 
using the ordinary scheme of invariants. The work involves a considerable 
amount of algebra and we shall not attempt it in this paper. The determina- 
tion of A in terms of the fundamental invariants, at the same time gives us 
I,, for from 


— 35,7 = 21, and + 35,7 = we derive 


§ 9. Determination of I, as a rational function of the fundamental invariants. 


The invariant J,, is not a fundamental invariant. There exists, there- 
fore, a relationship of degree 11, an R,, defining I,, rationally in terms of the 
fundamental system. In the case of the octavic with a triple root this general 
reduces to 


Bayz = 8111 — + — — 5kotks + 


18kok4k; = 0. 
Hence in general we must have 


Riu + AikeRy + + Askah; + Asko" 


where A,* * ‘Ag are numerical factors to be determined from particular cases. 
For this purpose we shall consider the octavic with two pairs of equal roots. 
Let us suppose that the pairs of roots (12) and (34) are equal. 

The transformations (12), (34), and (12) (34) must then leave every 
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heptad unaltered. From this we find our heptad system pairing off as 


follows: 


01, 63 distinct; $1, S2, $3 distinct; 


oO; 81; 02> 825 Cg Sg 5 Og 
Og = = — 8g = — 875 Fg = = — S13 == — $155 

O9 = O11 = — S12 == — $145 C12 = O15 — Sg = — $115 

O13 == 014 = — So = — S10- 


Thus when the octavic has two double roots, the fifteenic F(o) has six double 
roots. Let us now consider the octavic with roots 0, 0, 0, «, a’, b’, c’, d’, 
and let — + — a,x + a, = 0 denote the equation whose roots are 
a, b, c, d where a = V5a’, ete. Our 15 o-heptads then take the values 


a, ac+bd—as, ad-+ be—az, 
ab — az be —az 

ac — az |’, bd — az |’, 

ad — az |’, cd — az |*, 


ab + cd 


where the notation ]* means that there are two heptads with the enclosed 
values. Making the substitutions: 


atb=u; ctd=v; cd=H, 
we may write: 


= + 5 — a3 = Yi)U; 


Y1(a1— as) = (Y1 —%1) 03 
whence we obtain the equation: 


(Xa; az) a3) = — (a; (as Yi) 

Putting =z, + y, and a, = 0 we get the equation with roots ab + cd, 

etc. 
(ayaz 4a,) 2 — a1"a4) 0. (1) 

Denote the roots of the equation by Ai, Az, As. 
(x— ab) (4x — cd) = +a,—0 
(x — ac) («— bd) = + a,—0 
(x — ad) (x— bc) = —dA a,—0 
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Multiplying these three quadratics, we obtain the sextic whose roots are ab, ac, 
ad, be, bd, cd. 1 


Squaring this sextic and multiplying by cubic (1) we obtain the equation of 
our 15 o-heptads: 


where 
Ko == 8a,a3 — 604, Kz = + 3a,7a4), 
Kg = + Vay? — 10a,asa4, 
Ks = — (6a,a3* — + — 12a,7a,”) 
Ke = 3a3* + 40;7a37a4 + — 5a,a3a4” + + a,%a,° 
Ky == —(5a37a,? + 5a,7a,° + 3a,2a,* + 3a, 40320, — 
— 8a,°a3a,) 
Kg = 3a,a3° — 23a;7a3"a," — + 8a,°a;%a,4 
+ + 20a,a;,0,° — 6a,4a,* — 
Kg == —(14a37a,° + 140,7a4* + + Ta; 
— 14a,a3°a,” — 14a,%a;a,° + a3° + a,*a,°) 


3 3 q 


Ki9 >> a,a3a4* 2a,° a,” 8a,7a3"a4 
+ — 2az*ay” + — 2a,*a,* 
2a,*a3a,4* 2a,a;3°a4° + 9a,7a,° 9a;7a,* 


9 9 
*as*a,* a *as*a,". 


For the determination of J,, we shall need six cases: 


then 
Ko = —3 Ke = 14 = 0 
Kz = — 6 = 0 Ky, == 12 
=0 Ks = 18 
Ks = 12 Kg = — 16 


R, = 54 Ry, = 1458. 
R, = — 54 


which gives us the equation 


— 324A, + 324A, + 486A, — 972A; —1458A, +1458 = 0, 


b, ac, 
which simplifies to: 
4° 
Case 2. 
n of 
ko = — 6 Ks = 12 Kg = — 23 
Kz = 3 kg = 11 Kg = — 15 
kKy=7 K7 = — 5 Kip = 0 
Ky = 9 
R, = — 108 R, = — 48 Ri; = 1404. 
These values give us the equation 
— 972A, + 144A. + 189A; + 972A, — 1296A; — 1944A, = — 1404, 


which reduces to 
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108A, — 16A, — 21As — 108A, + 144A, + 216A, = 156. 


Case 3. 
Ko = Ke = 73 Kio = 46 
=—15 =— 5 Ky, = 5 
1 Kg 5 
kz; = 0 Kg = — 135 
R,=— 54 R, =— 48 Ry, = 540 
These values give us the equation: 


15 heptads have the values: 


5 (ab cd) 
5(ac + bd)— az, 
5(ad + bc)— az, 


unable to obtain more than three independent equations. 


where a, b, c, d are the remaining four roots and az = 3 ab. 


three equations we obtain under the assumption a, + 0. 
We have seen, that in the case of a double root at zero and infinity, our 


(1) 


(2) 


(3) 


From the case of the octavic with two double roots and a, 0, we were 
The remaining 
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5ad — az |?, 5cd — az |?, 
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Let us give a, b, c, d the particular values: a= 1/ V5, b=—1/V¥5, 


c= 2/V5, d=—2/V5 then a, =—1. 
Our 15 o’s then take the values: 


—4, 5, —3 ]*, 3 ]*, —1]*, 0]?, 
so that 
F(o) —2*(x +1)*(a—3)*( + 3)*(@ + 4) (ew—5) 
= (x8 — 5474 — 282" + 10952° + 10442° — 103882" 
— 145202* + 435512° + 887762* — 354782° 
— 19537227 — 16256%r — 43740). 


Ko = — 54 kg = 43551 kash, = 18290880 
kz = — 28 Kg = 88776 k2"R,; = 48708864 
Kk, = 1095 Kio = — 35478 = — 10974528 
ks = 1044 Kyy = — 195372. Kokgltg = — 15894144 
Ke = — 10388 koRy = — 49054464 
k; = — 14520 k3hs = — 1016064 

Re = — 10512 Ry = 908416 

R, = 16704 Ry, = — 7962624 

Rs = 36288 


These values give us the equation: 
28388A, + 588A. — 10585A, — 28188A, + 6351; 
+ 9198A, = — 4608. (4) 
Case 5. 
a=1/V5, b=i/Vi, c= V5—1/V5, d=—i/V5, 
The 15 o’s are 
—(40-+ 1)]?, 3 0 
= 2? (2? — 2a? + 2a — 40) (2? + 2x 4 — 2? + 11a — 51)? 
= 2? + 214711 — 12221 — 552° — 18442 + 248727 
+ 66702° + 471262° + 3642424 — 1054282 
— 4971282? — 6319927 — 416160) — 0. 


Ko = 21 k; = 6670 R, = 16896 

Ks = — 122 kg = 47126 Rg = — 21312 
Kk, == — 55 Kg = 36424 R, = — 620416 
Ks = — 1844 Ki, = — 497128 Ry, = 12495024. 


Kg = 2487 R, = 288 
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From these we get the equation: 


2714382, — 54168A, + 19360A; — 155232A, + 11064, 


+ 15372A, = 260313. 


Case 6. Let a, b, c, d take such values that 


5(ab + cd) —a,—0 
5(ac + bd) 


5ab — ap = 1 


a, = 0 


5ac—a,—1 


a2 = — 2. 
Our heptad system is then determined. From (1) and (2) we get 
5(ad + bc) — az = 2a, = — 4. 
From (3), (4), (5) we get 


5ab = — 1, Sac = — 1, 5cd = — 1, 
whence b=c, a=d, 
5bd — a, — 1, 5cd — a, — 1. 


(5) 


(1) 
(2) 
(3) 
(4) 
(5) 


It remains to determine the values of 5ad—a,. and 5bc—a». We shall 


determine the quadratic of which these heptads are the roots 


+ y=0 
— B= 5(ad + bc)— 2a, = — 2 
y = 2babed — d5a,.(ad + be) + a,” 
= 25a7b? —12 


Hence the required quadratic is 
+ 2e—% —0. 


Our 15 heptads have the values: 


where 7, and r, are the roots of 2? + 2x—7=—0. 


= 2?(a—1)* (a+ 4) (2? + 22 7)? =0 

= — 302"! + 52x" + 2712° — 103625 + 47627 
+ 41362° — 114732° + 15304a0* — 121902° 
59242? — 16317 + 196). 
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Ko = — 30 Kg == 476 Kip = — 12190 
Ks == 52 Kk, = 4136 Ki, = 5924 
271 Kg = — 11473 
kK; = — 1036 Kg = 15304 

=— 144 = 226560 

R,=— 192 k3hs = 9984 

R, = 192 == — 52032 

Ry = — 7552 KR, = — 172800 

Ry, = — 73728 x,Rs = 149184 


Kok3lig 224640. 
From these we get the equation: 


1180A, + 52rA2 — 271As — 900A, + + 1170A, = 384. (6) 


We have now obtained the following six equations to determine the six 


constants X41, A, *, Ae. 


(1) 2A; — — 3A, + GAs + 9 (1) 
(2) 108A: — 16A, — — 108A, + 144A5 + 216A, = 156 

(3)  16\.—3A;—=—12 

(4)  28388A, + 588A, — 10585A, — 28188A, + 6351A; 


+ 9198A. = — 4608 
(5)  271482A, — 54168A, + 19360A, — 155232a, + 11064, 

+ 15372A, = 260313 
(6) + 52A2 — 271As — 900A, + 1170A5 384. 


This is a system of 6 linearly independent linear equations. The solution of 
these equations solves the problem of determining J,, in terms of the funda- 
mental invariants. 


§ 10. Construction of Sets of Products of Differences of Sixteen Numbers 
corresponding to the Heptads attached to Hight Numbers. 


Sixteen quantities 1, 2,- - -, 8,a,b,- h form products of differences 
of the type 12:34-56-78-ab-cd-ef-gh in 


15 X13xX11xKIK 5 K 8 = 2027025 ways. 


Out of 16 numbers we can form 120 pairs 12. Each product contains 8 pairs. 
Consequently there are sets of 15 products involving all 120 pairs just once. 
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There is more than one type of such sets but we are interested only in sets 


of the following symmetrical type p. 


p= 12-34-56-78-ab-cd-ef-gh Pr 
14:32-85-67-ad-cb-he-fg Ps 
Ps 
16:25-74-83-af-be-he-gd 
17-82:46-53-ag-hb-ec-df 
18-27-36-45-ah-bg-cf-de 


We may note that p is built up out of heptads in the same way that the hep- 
tads are built up out of triples of the type 12°34, 13-24, 14-23. 

These sets are differentiated from other sets of 15 by the fact that they 
possess the property that if any two products contain 4 pairs of factors belong- 
ing to a heptad the set will contain the heptad determined by these. For 
example in the typical set p the products p; and p, contain the partial products 


12:34-56-78, 13-24-75-86. 


Hence it contains the complete heptad determined by these two products. 

In the case of eight points we saw that two products were sufficient to 
determine a heptad. In the case of 16 points we shall see that 4 products 
are sufficient to determine the set p. The products p, and p2 contain the 
partial products 

12-34-56-78 a) (2) 
13-24-75-86 13-24-ac-bd 


So our set p must contain the two heptads determined by (1) and (2). The 
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product ps is determined uniquely by p, and po. If now we fill the fourth 
place in our set with ps, p is completely determined, for p, and py, require 
that p contain the heptad determined by 


12-56-ab-ef 
3 
15:62-ae-fb j | 


while p, and p, require that p contain the heptad 


13-57 -ac-e 
17°53-ag-ec 


The 4 heptads (1) - - - (4) completely determine p, for if we now attempt 
to fill the fifth place in the set we see that we must have 


Ps = 16-25-83-74-af-be-he-gd. 


Thus the complete set p is determined by the four products pi, po, ps, ps 
In addition to the heptads (1),- - -, (4) the set p contains 11 others which 
occur as a consequence of the occurrence of (1),-°-, (4). So every set 
p contains 15 complete heptads. There are really 30 heptads but we are 
restricting ourselves to heptads on the point 1, since every such heptad pairs 
off with one on the remaining eight numbers. 

Let us now determine the number of the sets p. To do this we first 
determine the number of sets which contain any one heptad say 


o, = 12-34-56-%8 13-24:57-68 (=m), °° 
Now z; may be multiplied by any one of 105 products of the type 
ab-cd:ef-gh 
Now zy’ is associated in two heptads with 12 products. Consequently we may 
multiply z. by any one of 12 products in order to get p.. Let us select 
me’ =ac-bd-ge-hf. 7,’ and z.’ determine the heptad on the division 
ab-cd-ef- gh which is to occur. As we have seen p; is determined by p, and pp. 
So we are left with 4 possible products a,’ by which 7, may be multiplied 


in order to get ps. We then have no further choice since p, p2, ps, ps com- 
pletely determine p. Hence the number of sets containing the heptad oa, is 


105 K 12 K 4= 5040 = 7! 


Now on point (1) there are 6435 sets of eight. On each such set there are 
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30 heptads. Hence 6435 X 30 = total number of heptads formed from 16 
quantities. Each heptad occurs 5040 times; but in each set there are 15 
heptads. Hence if N denotes the number of sets p we have 

6485 K 30 5040 


N= ~ = 64864800. 
15 


We shall denote this system of N sets p by the symbol R. 
In the heptad system we saw that every product 12-34-56-78 occurs twice. 
In the system R every product 12-34-56-78-ab-cd-ef-gh occurs 480 times since 
R is composed of 64864800 sets p and the number of distinct products is only 
2027025. Consider now the summation 
2027025 
(1234-56-78 -ab-cd-ef-gh)?**! = & 
where every term of the summation is arranged positively according to the 
standard positive term 
12-34-56-78-ab-cd-ef-gh. 
105 


Applying the same argument that we applied to the & (12-34-56-78)?* 
we find that 
Sp21—0 for i=0, 1, 2, 3, 4, 5, 6. 


But 3 p> = WV where A is the discriminant of the sixteenic whose roots 
are 1, 2,°°-°*,a,°:°:,h. As in the case of the heptads o, if we add the 
identity and regard the products of p as substitutions we see that p is an 
Abelian group of order 16 under which p, considered as the set of products, 
is invariant. 


§11. On the Division of the System R into Two Sets. 


We have seen that any set p may be obtained from a heptad on eight of 
the sixteen quantities 1,---, 8, a,---+, h by multiplying its products by 
the products of a second heptad on the remaining eight quantities. Any 
heptad, say o;, occurs in 5040 sets p in the system R. Of these, 2520 sets R, 
contain o,; with its products multiplied into the products of the set oa in a 
different order; and 2520 sets R., contain o, with its product multiplied 
in every possible way into the product of the set sa; where oa and sq de- 
note the 150- and 15s-heptads built up out of the eight quantities a, b, c, 
d, e, f, g, h. Now there are 168 sets p in R, which contain o; multiplied 
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in different orders into the heptad oa, where oa, is one of the 15 heptads 
oa. These 168 sets are sent into each other by even substitutions and are 
sent into the negative of the corresponding sets of 168 on sa, by odd substi- 
tutions on the symbols a, b, c, d, e, f, g, h. Any substitution which sends oy 
into — sq will send R, into R., since these substitutions involve only the quan- 
tities a, -* +, h and consequently leave o; unaltered. The substitutions 
which send oq into — sq we know are of odd order. Hence we have the result 
that R, and R, are sent into themselves by even substitutions on a, b, c,--+-,h 
and R, is sent into the negative of R. by the odd substitutions. 

Within R we have 6435 divisions #,R. corresponding to the number of 
divisions of 16 things into sets of 8. Call a second such division R,’, R,’. 
If one of the sets p in R, is sent into one of the sets p,’ of R,’ by even sub- 
stitutions every set p in R, can be sent into every set p:’ of R,’ by even sub- 
stitutions since the product of two even substitutions is even. On the other 
hand, FR, is then sent into — Rf,’ by odd substitutions and into R.’ by even 
substitutions on the 16 symbols, 1, 2,--*-+,a,°°°,h. 

The argument requires expansion to constitute a proof, but it seems 
fairly certain that the system F# divides into two sets which are each invariant 
under the even substitutions of G1»: and are sent into the negative of the other 
by the odd substitutions. 
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The Borel Summability of Fourier Series * 
By M. H. STONE. 


In an attempt to apply a generalized Borel summation to the expansions 
arising from the differential system + u’” + Au—0, u(0) = u(1) = w'(0) 
= 0 it was found necessary to consider the corresponding question for Fourier 
series. From the investigations of C. N. Moore it was known that the ordin- 
ary Borel summation of Fourier series is relatively ineffective.{ | Conse- 
quently we modified the Borel sum in a simple manner to obtain the results 
which we shall describe in the present paper. The hope which prompted the 
study of this problem proved to be unfounded: the methods detailed below 
yielded no immediate advance in the consideration of the irregular expansion 


problem for which they were designed. 


I. A Drrect METHOD. 


We shall denote by K(a— y; a) the sum of the series 


cos 2a(z-y) Cos a sin y) — 1 


1 + 2 T(m +1) cos y) 


The Borel sum of the Fourier series on (0, 1) for an arbitrary summable 
function § f(z) is defined as the limit for 4 — o, when it exists, of the 


integral 
4 1 
f es f f(y) K(a#—y; a)dy da, 
0 0 


We replace this integral by another, 


A 1 
f (l1—a Ayers f f(y) K(x— a) dy da, 
0 


0 


* Presented to the American Mathematical Society, October 31, 1925. 

+ Hopkins, Transactions of the American Mathematical Society, Vol. 20 (1919), 
pp. 245-259. 

tC. N. Moore, Proceedings of the National Academy, Vol. 11, No. 6, pp. 284-287. 

§ There should arise no confusion from the use of this expression to indicate a 
funetion integrable in the sense of Lebesgue. 
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in which we allow A to become infinite. In essence we superimpose a Cesaro 
sum of order one upon the Borel sum *; we should expect to be able to deal 
with Fourier series as effectively by this composite sum as by the Cesaro sum 
of order one. That such is the case is the main result of this paper. 

We shall suppose that the function f(x) is defined for all values of 2 
as periodic of period one. A few simple and familiar reductions then show 
us that 


0) f(y) K(@—ysa) ay 
0 
+f" fy) =f + K (tsa) de, 


1 
f 
0 


It follows that we can limit our consideration to that of the integral 


3 A 
f f Kt; , 
o(t) =f(x+t) + f(«—t) —2f(z). 


The integral with respect to a satisfies the following relations: 


(1—a/A)e*K(t; a)da|<MA , 
0 
0 2 (1 — cos 2xt)? 
sin eA (cos 2rt-1) (cog —1) sin A sin — sin A sin 
1 — cos 2xt 2(1 — cos 
eA (cos 27t-1) (cos — 1) cos A sin 2at + sin 2rt.sin A sin 
1 — cos 2xt 


As a result of these inequalities we can apply the reasoning of a paper of 
Hardy, slightly modified in a manner which we have pointed out elsewhere, 
to obtain the desired theorem.t 


* Hardy and Riesz, “‘The General Theory of Dirichlet’s Series,” Cambridge Tracts, 
No. 18, 1915, p. 23. 

+ Hardy, Proceedings of the London Mathematical Society, Ser. 2, Vol. 12 (1913), 
pp. 365-372. The minor modifications of Hardy’s procedure appear under Theorem 
XIV of a paper entitled “A Comparison of the Series of Fourier and Birkhoff” re- 
cently accepted by the Transactions of the American Mathematical Society. 
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TurorEM I. If f(x) is an arbitrary summable function of period one, 
then 


tim (1—«/A) Jf. fly) K(2—y;a)dy da— f(s) 


almost everywhere, 0 S21; and if the function is continuous, the con- 
vergence is uniform, 0S2#=1. 


II. THe Discussion For A DIFFERENTIAL SYSTEM. 


It is well-known that the Fourier series on the interval (0, 1) can be 
defined in terms of the differential system 


u’ + ru=0, u(0) —u(1) =0. 


By the use of G(z, y; 4), the Green’s function for this differential system, 
we shall set up a function ®(z, y; a) which generalizes the function 
K(x—y; a) of the preceding section. We let C, and C2 be two contours 
in the A-plane. C, is an analytic quadrilateral bounded by segments of two 
rays emanating from the origin at an angle 8 with the positive axis of ima- 
ginaries and by arcs of two circles with centers at the origin and radii Ay 
and A respectively. The circular portions of C,; on the first quadrant we 
call y; and ys, the rectilinear portion yz, the enumeration proceeding in a 
counter-clockwise direction around C;. The part of C, on the second quad- 
rant is similarly composed of y., ys, and y¢. C2 is symmetric with C, in the 
real axis. Its component arcs we denote by yz, ys, Yo» Y10) Y11, aNd yi2, begin- 
ning in the third quadrant, and numbering in a counter-clockwise direction. 
The magnitude of the angle 8 >0 shall be determined subsequently, the 
radius Ao shall be restricted so that 0 < Ay < 2x, and the radius A shall satisfy 
the inequality | A—2nxr|2e> 0 for all integral n. Since the function 
G(z,y;A) has a simple pole with residue e2"**-”) at the point A= 2nzt 
for n a positive or negative integer or zero, and is analytic elsewhere, the 


meaning of the function 


y; 4; A) =1+1/2m +1) G dx 
ai 
+ 1) Gdxr 


is at once clear. On allowing A to become infinite, we obtain 


y; a) =lim ®(z, y; a; A). 
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The method of summing Fourier series which we shall discuss in the present 


section is based upon a study of the integral 
A 3 
0 0 


When A—oo in this integral, we have a generalization of the summatory 


process of the preceding section.* 
Before passing to the convergence proof, we shall introduce the useful 


notation y, a) for a function of x, y, a continuous 0 <i, 
co 

0SyS1, 0OSa< such that f (x, y, a)da is a uniformly con- 
0 


vergent integral for the ranges of z and y in question. For any function 
E(x, y, a) we have also the property + 


A co 
lim 4-00 f (1—a/A)e* y,a)da = e* H (a, y, a) da. 
0 


The proof of the second theorem is based upon two lemmas, which we shall 


now prove. 


LEMMA a) is the function defined above, then 
y a) = it T d E a 
= A+ F(a, y,a). 


On substituting in the formula for ®(z, y; a; A) from the equations 


G(x, y3A) 0} + ’ R (A) = 0 9 
eryt\(1-2) 


R(A) <0, 


where #( ) means “the real part of,” and {A; B} denotes the function A 
for x= y, the function B for «Sy, we find 


Ai a” 


a 
1/2m y-®) dr 
/ “if TQ + 1)° 


* Marcel Riesz, Acta Mathematica, Vol. 35 (1912), pp. 258-270. 
{+ Hardy and Riesz, loc. cit. 


| 
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psent 
+1/29i f 
a” 
dr 
1/2ni 1—e 
itory ‘ 
seful s T(i+1) 
1/2 = 
tion by an application of Cauchy’s theorem to the integrals involving bracketed 
terms. An obvious change of variables in the first two integrals yields 
Aé at Ai ani 
dr 1/2 Yd. = 


A 
1, Ta +1) cos A(x —y)dx. 


We shall next discuss as typical of the remaining integrals that one taken 
over the arcs y;, y2,; ys) Since y; is a fixed finite arc we have at once 


A e7\(1-yt@) Dd 
Ada = 
JS. T(—A+1) 1—e* 
dadd d 
as A— oo. In short , 


T(— + 1) (x, y,a). 


Next, on ys we have A= Ate”, OS O6=B< 7/2. For this range of values 


e7A(1-y+@) 
=i. 
| | log a | == gi cos @. log a 
| T (— M +1 | | T +1) | 1/K, | e(Ae-#6+8) log Ae-t9 


1/K, eA cos . log A+% log A-@ A sin 6-A cos @ 


= 1/K, eA cos 6. log A-@A sin 6-A cos 6 


| 
| 
3 
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Hence 
B Acos@. log + Ag sing 


&is A 


ae 
< K.K, BAe* cos . log AB sin 8 —( 


as A—> oo. Then on y2 we have A=A’ie*, A, SA’ SA. For this range 


of variables we see that 


< KyeX 08. 


| sin . (1-y+r) 


1—e* 
| | — er’ cos 8. loga dv | = dy’. 
| + 1)| S1/K, 8 108 sin cos 


Hence 


lf 4-1) a | 
\ 


ae 


\’ cos . log — 
takes on its maximum value e% © 8 


In this integral the function e 
for A’ =a, the positive real root of the equation 


a cos 
a’ ° (cos log ae/r’ — cos B) = 0. 


We can determine 8 >0 so that [8B—(1—y+72)|sin@S—e<0 for 
0<aSrf[b<land0OSy=1. Thus it is clear that 


A ’ cos B . log \’[B-(1-y+z)] sin 
f dn’ f ee dy’ 
Xe 


The immediate consequence of this result is that as A > 


: 1-y+z) 
1 /2m f x dij — E (a, y,a) 
leew 


Thus we find 


@(z,y:a) =lim,,,, ®(2,y;a; A) 


00 


as we were to show. 


| 
2 
3 


\d6 


range 


—y+z)) sin 


L cos 8 


for 
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Lemma II. The function of x, y, a defined by the infinte wmtegral 


a’ 
is expressible in the form 
1/m e% cosasin (vx —y) —1/2r+ E(z,y,a). 


We first obtain a representation of the integrand in a more convenient 
form. In the theory of Bessel functions it is shown that 
r m=0co 
a 
at = m! J (2a) 
1) m=-0 


uniformly 0Sa=A,0SAS A; and that 
Jy4m(2a) = 1/2 f cos([A ++ — 2a sin 6) dé 
0 
oo 
+ 1/2 f sin (2a cosh 6 — r/2[A + m]) dé 
0 


uniformly 0Sa=A,0<A,SAZAz.* Now it is apparent that the two 


series 


et 8 —asin#) = a”/m! cos({[A + 2asin 8), 
m=0 
e-sin (ae? — = a™/m! - sin (2a cosh 6 — w/2[A + m]) 
m=0 


converge uniformly in the variable @ on the ranges 0607/2 and 
0=060< respectively, fora > 0. Consequently 


+1) 1/r cos (A a sin @) 


-1/2 


+1r/2 
f e-? sin (ae? — A/2)d0 = f e% 8 9 eos —a sin 
‘ 


oO 
+ 1/2 f sin(ae? — . 
0 


With this identity at our disposal we are prepared to discuss the lemma. 
First we observe that 


1/ E 
/® Ta+l) cos y)dA = E(x, y,a) 


* Watson, Theory of Bessel Functions, Cambridge, 1922, § 5. 22, § 6. 20. 
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since we have 


lim cos A(x — y) = — y) dar. 


Thus the truth of the lemma depends upon the behavior of the integral 


a* 
where we have replaced «— y by ¢. For the second integral in the identity for 
a 


T(A +1) 
Ag fo) 
f f sin (ae? — cos At dd dA = 
0 
oo Aa 
f f e-9 sin (ae? — 2A/2) cos At dA dé = 
0 
f° sin ae? [ {= A[t — 2/2] +[¢t — 2/2] sin A[t — 7/2] 
2 


we see that 


4 Aft + 7/2]+[t + 2/2] sin + 2/2] + 
[t+ 7/2]? 


© ae? — 6sin A[t — r/2|—[t — 2/2] cosA[t — 7/2 
Le { sin A[ /2\—[ ] cos AT 


+ 


The limit for 4; ->0, A2—> can be obtained here by allowing > 0, 
A, —> oo, under the integral sign, because of the fact that the integrals 


logu 
sin ae? 00 sin ap 

62 k? JUS (log m)? + k? 


are uniformly convergent 0=A< o, for fixed a>0. To show that this 
limiting value is of the form H(z, y,a) we note that 


f ae PLE 


) dx. 


egral 


for 


We now turn to the first integral. 
we find 


We let C be the semi-circle 6 = 


variable 6. 


Lis +m/2 
e% ©°8 9 sin a sin 6 
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and that an integration by parts shows that 


oo 
sinae’ 
0 


6e-? 


6 dé d 
d6 


| = | cos ae? 


~ d 
f 
d6 


Thus we have 


%~ co 
f sin (ae? — 2A/2) cos A(x — y) dOdA = E(x, y, a). 
0 0 


At 
£08 asin 6) cos At db dA = 
-1/2 


1/2 

(A, [6 —¢] —asin 6) + sin asin 6 


e% eos (AO — asin 0) cos At dA dd = 
0 


6—t 


sin (A,[@—t] —asin 6) + sinasin 6 
6—t 
sin 


d6 = 


cos 6 


== f 
-1/2 
f e* 9 cog a sin 6 


ag 


Since this integral is valid for OS AS Ay 


sin (A, [@— ¢] —asin 6) 


1 — cos A, [6 — #] 


+1 /2 
+ e* ©8 sin a sin 6 


The first integral of this sum has the limit ze* °° * cos a sin ¢ since it is essen- 
tially the familiar Dirichlet integral. 


The second we can write as 


+1 /2 
R e% sin a sin ————_—- 
-1/2 6—i 


ei 


By Cauchy’s 
1 — 


do = f e% sin a sin 6 
—t Cc 


, 0=¢=r, in the plane of the complex 
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On C we have for fixed a, and for all ¢, —1+eStS=1—e,«=0 


e* ©°8 sin a sin 6 
6—t 
| ei (6-6) | | sin ¢/2 


dé | sx, 


so that 


(8-t) 


| f e* sina sind ————dé| < K em sin g/2 
6—t 0 
d 


an 
1— ei) sina sin 6 
af e* sina sin @ —————— dd> f dé 


as A, — 0. It remains for us to prove that the last integral obtained is of 
the form E(z,y,a). Now 


4 dé 
f f e* 8 sin a sin da = 
0 6—t 


A cos (8-1) gin a sin 6 


e4 (cos 6-1) [ (cos 6 — 1) sin A sin 6 — sin 6: cos A sin 6| 
2(1— cos 6) 


dé 


sin 6 dé 
c 2(1—cosé) 


The first integral in this sum satisfies the inequalities 


if gA(cos 6-1) [ (cos 6 —1) sin A sin 6 — sin 6: cos A sin 6] 


2(1— cos 6) (@—?) 


K/V2 f [ | sin A sin 6 | + | cos A sin Jodo S 
0 


K | eA (cos 6-1+% sin | dd 
0 


‘The last inequality here depends upon the fact that 
For 6 = we find 
| eA (cos sin |__| | | | 
| [cos 1/2 cos sin m/2 cos 


| sin c08 9/2 cos | 


= 
| 
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Hence 
T 
| eA (cos 6-1)+Aié sin | do f sin cos 1/2 cos ¢-1) do — 
0 0 


as A— 0. Consequently 


A e* 8 8 sin asin 6 sin 0 dé 
-a 


and 6 né a 
@ cos i 
— dé = E(x, y,a). 
R Cc —t 


On combining the foregoing material, and noting that any constant is of 
the form F(x, y,a), we see that 


a 


208 d | a cos 8 
y)dr cosa sin (x — y) 
+ E(x, y, a) 


as we were to show. 
From these two lemmas and Theorem I, it is not difficult to prove the 
second theorem of the paper. 


TurorEeM II. If ®(2, y; a) ts the function defined above, then 


lim J, fly) 9, 0)dy da (2) 


almost everywhere,0<4< 1. If the function f(x) is continuous,0 1. 
then the convergence is untform,0 


From Lemmas I and II we see that 
y; a) = 1 /m cos a sin (x— y) + E (a, Y,a). 
Now since 


fia —a/A)e* a) da 


converges uniformly to a continuous function Q(z,y),0<aSrSb<l, 
0Sy1, as ©, we can write 


A 1 1 


The contribution from that portion of 6(z,y,a) given in explicit terms can 
be brought under Theorem I by setting 


c= 2rv’, y = 


F(y’) =f(2zy’), OS y’S1/2r , F(y’) = 0, 


of 
| 
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so that 
1 1 

cos asin (2—y)dy— Fly)K (x «)dy’. 
0 


Thus we see that 
A | 
lim fy) 950) dyda,— 
0 


1 
+ 
almost everywhere, 0< ax 6b <1, the convergence being uniform if 
f(x) is continuous, 
By the definition of @(z,y;a) it is evident that 


9 


i 1 


az 


mT 
sin 2mry y ; a) dy = T'(2mz + 1) 


The substitution of these equations in the result just established gives us 


1 A 
Q(z, y)dy = lim , ,, f (1—a/A)e“da—1=—0 , 
0 0 


sin 2mrz, m=—1, 2,°-: 


1 
f cos 2mry Q(x, y) dy = 

f (1—a/A) T(2mz +1) cos 2mrxrda — cos 
—0, 

1 
f sin 2mry Q(x, y)dy=—0, < 1. 

0 
By the closure of the set of functions 1, cos 2rz, sin 27x, - - -, we must have 


Q(z, y) =0,0<asSseSb<1,0Sy=1, or, since a and | are arbitrary 
constants except for the inequality 0<a< b <1, we have 

Q(z, y)=0, 

Thus it is clear that 


A 1 
f (1—a/A)e* {(y) ®(2, y; a) dyda = f(x) 


almost everywhere, 0<2< 1, the convergence being uniform, 0<aSz2 
<= b <1, when f(z) is continuous on the interval (0,1). This completes the 
theorem. 
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Self Dual Space Curves.” 


TEMPLE RicE HOLLCROFT. 


1. Definitions and statement of problems. The only paper dealing with 
self dual space curves that I have been able to find is one by Steinmetz t¢ 
in which he treats of special curves of this kind that exist in a linear nul- 
system in space. 

The following symbols are to be used in this paper to denote the charac- 
teristics of a space curve of order n, class m, rank r and genus p: } 


h number of apparent double points, 

H number of nodes, 

8 number of cusps, 

a number of stationary planes, 

G number of double osculating planes, 

g number of lines of intersection of two osculating planes that lie in a 
given plane, 

v number of linear inflections, 

number of bitangents, 

order of nodal curve of developable, 


8 


class of nexal torse, that is, the number of planes, each containing 
two non-consecutive tangents to the curve, which pass through a 
given point. The envelope of all such planes is called the nexal 
torse by Cayley. 

q class of nodal curve, 

q’ order of nexal torse, 

k number of apparent double points of nodal curve, 

k’ number of apparent double plane of nexal torse, 

y number of cusps of nodal curve, 

y’ number of stationary planes of nexal torse, 


* Presented to the American Mathematical Society, February 27, 1926. 

7 Charles P. Steinmetz, “On the curves which are self-reciprocal in a linear nul- 
system and their configurations in space,” American Journal of Math., Vol. 14 (1892), 
pp. 161-186. 

¢ This is Cayley’s notation, with these exceptions: n and m are interchanged and 
p is used for the genus. For a table of the various notations, see Pascal’s Repertorio 
di Mat. Sup., Vol. II, p. 323. 
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t number of triple points of nodal curve, 
t’ number of triple tangent planes of nexal torse, 


Of these, r, v, », are each self dual and the following pairs are duals: 


If any seven of the above characteristics are given, the remaining fifteen 
are thereby determined. By a space curve type we shall mean a set of char- 
acteristics (either all or a sufficient number to determine all) considered as 
belonging to the same curve. Since a curve of given type always has a 
certain number of degrees of freedom, there are infinitely many curves of 
each curve type all of which have the same descriptive properties. Since only 
descriptive properties are to be considered in this paper, from this point on 
we shall use the term “curve” to mean ‘ 
A space curve is self dual if the value of each and every point charac- 
teristic of the curve and its dual plane characteristic is the same, that is if 
n=m, h=g H=G,a=—f, r=—y, y=y', This 
definition is equivalent to the one given by Steinmetz in the paper cited above. 
The purpose of the present paper is to solve these four problems: 


‘curve type.” 


(I) To find whether, and if so under what conditions, each of the above 
nine equalities given in the definition is sufficient as well as necessary. 

(II) To find limits for the singularities of self dual space curves. 

(III) To find the conditions on a plane curve that it be the projection 
of a self dual space curve and the conditions on a space curve that its plane 


projection curve be self dual. 
(IV) To find the conditions under which both the space curve and its 
plane projection curve can be self dual. 


2. Sufficient conditions for self dual space curves. The conditions are 
stated in the following theorem whose proof follows. 


THEOREM. For any space curve, of the following eight quantities, all of 
which are necessary for the curve to be self dual, the first four are also suffi- 
cient and the latter four are sufficient except for certain relations among the 
remaining characteristics that lead to definite curve types for certain values 
of n. 


(1) n—m, (5) 
(2) (6) y=7; 
(3) h+H=—g+G, 


(4) (8) k=k’. 
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The proofs of (1),-(2) and (4) follow directly from the Cayley-Salmon 
formulas. In the case of (3), from these formulas there results the relation 


(n—m) (n+ m—7) =0: 


Then when m~n, m-+n=7%. For all space cubics, however, m= 3 so 
that no space curve exists for which m-+-n—¥%. Therefore condition (3) is 
also sufficient. 

If a space curve is self dual, hg and H=G. Therefore if h-+H = 
g+@ it must follow that hg and H=G. For any general space curve 
H=G=0. The condition H = G is, then, only necessary for self duality. 
It follows that the condition h = g is both necessary and sufficient. 

For the discussion of conditions (5) to (8) inclusive, the following rela- 
tions derived by Cayley * will be used: 


(a) 

(b) y’—y=(r—8)(m—n) —4(G—4), 

(c) g’—q=(r—6)(n—™m) +2(G—4), 

(d) y—4r—17) —3(4G—A#). 


From the Cayley-Salmon formulas and the limits for a maximum £ f it 
is found that always r =n and that for n=7, m=n— 2, but for n= 8, 
m =n. 

For condition (5), consider relation (a). If n-Am,r=—6. This con- 
dition is satisfied by two curves, duals of each other. 


nm r h Gf g G a B y t 
4 6 6 3 0 6 0 4 0 6 + 0 0 
6 6 6 0 3 0 0 + 4 6 0 0 


For condition (6) we find from (b) when mn 
(r—8) =4(G—H) 


This is satisfied by r—=8 and HG in which case n<8. These three 
curves satisfy these conditions : 


* A. Cayley, Collected Papers, Vol. VIII, p. 77. 
¢T. R. Hollcroft, “Limits for actual double points of space curves,” Bull. Amer. 
Math. Soc., Vol. 31 (1925), pp. 42-55. 
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G 


0 
0 
0 


0 
0 

When m =~ n and r 8 the condition 
(m— n)(r—8) —4(G—H) = 0 


can be satisfied only as a whole. For r < 8 it is satisfied by the quartic of 
the first kind for which H=1. For r > 8, curves for which mn can be 
found to satisfy this condition. In all cases when r > 8, no general space 
curve satisfies this condition for m 4 n and only those particular curves for 
which r — 8 is a factor of 4(G—H#). 

For condition (7) from (c) results a similar relation 


(m—n) (r—6) —2(G—H) =0. 


When m=n, this may be satisfied by r—6 and G=H. The same two 
curve types that satisfy (5), m=«n, also satisfy this condition. When 
mn and r=6, the condition must be satisfied as a whole. As above, 
only those particular curves for which r—6 is a factor of 2(G@—#H) and 
for which r > 6 can satisfy it. 

For condition (8), from (d) the equation results 


(n— m) (a + y—4r—17) —6(G— ZA) —0. 


When m ~ n it may happen that z + y= 4r—17andG=—H. Eliminating 
x and y from the relation x + y = 4r —17 and the Cayley-Salmon formulas 
for n and m in which it has been assumed that v = wo = 0, we obtain 


m+ n= 4(r? — 5r—i17). 


The expression within the parenthesis has an odd value for all values of r. 
Therefore it is not possible that x + y = 4r—17 when v—ow—0O. There is, 
then, no general space curve for which k =k’ that is not self dual. 

If v0, m+ n= 4(r? — 5r — 17 — 3v) and the following curve satis- 
fies this relation: n 6, m= 9, r—10,h = 10, H= G=0, x= 30, 
y = 27, k = k’ = 282. Other particular curves may be found similar to this. 

When both y =’ and ¢=?’, n= ™m except for one curve, the quartic 
of the first kind for which H — 1. 
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When t= t’ and q=q/’, the two curve types satisfying (5) for mn 
satisfy both these conditions. 
3. Singularity limits. Substituting the relations given in the definition 
of a self dual space curve in the Cayley-Salmon formulas, there results 
h+H=g+G =—3(n—1)(n—6) +r—3p, 
a= B=2(n+ p—1) 
+ n—3p—o, 
v= 2(r-+ p—n—l1). 


From these formulas we find that if v0 
B=n+3p—3 and h+H=—4(n?—5n-+ 8) —4p. 
Then since for any space curve 
h = 4n(n—2).* 
for a self dual space curve when v = 0 
3H + 48 = in(3n—8). 


When the curve lies on a quadric the equality sign holds for n even and the 
difference is always less than unity for n odd. 
For a curve on a quadric when v0 and 7 =n= 135, 


S %n(n —2).t 
Substituting this limit for 8 in the above inequality, we have 
[H] = %on(n—8). 


Then on a quadric surface, a self dual space curve for which v= 0 and n > 8 
must have H > 0. 


In like manner for n = 16 on a quadric we find 
for n even [H] = %(n?— 15n + 16), 
for n odd [H] = %(n?—16n +19). 


Similar limits may be found for H for self dual space curves for which 
v= 0 on surfaces of the third and higher order. 


*G. Halphen, “Sur quelques propriétés des courbes gauches algébriques,” Bull. 
de la Soc. de France, Vol. 2, p. 42. 
7 T. R. Holleroft, loc. cit., p. 46. 
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When 8 = 0, from the condition m —n there results 


v= 2(n + 3p— 3). 
When also H —0, 
v= n(3n— 7) — 6h. 


This is the maximum value of v for a curve of given order and occurs when 
m=n and B=H=0. Then for any space curve without actual point 
singularities m-= n. 

When the curve is on a quadric, the tangent at a linear inflection must 
be a generator of the quadric. Proper curves that are the intersection of 
two quadrics can have no linear inflections. The self dual quartic of the 
first kind has 8B =1, vO and the self dual quartic of the second kind 
has B = 0, v= 2. 

Given any general space curve (8 = H =~v—w =O) it may be reduced 
to a self dual curve of the same order by two methods: 


(1) Keep B= H 0 and let v—m—vn. This decreases m, g, x each 
by v anda by 2v. This method gives a self dual curve of the same order and 
genus as the original curve. The same plane projection curve is obtained 
for all the space curves as v varies from 0 to its maximum value. 

(2) Keep v= 0 and increase 8 and H untilm=—n. Forn=8, B alone 
may increase until m =n but for n > 8, H must also increase. The plane 


projection curve varies as 8 and H vary. 


A combination of these methods gives a self dual space curve for which 
neither 8 nor v vanishes. 

For a self dual curve w may be zero or have values other than zero without 
affecting the self duality of the curve except that it may cause a lower limit 
to hold for v. 


4. Plane projection curve when space curve is self dual and space curves 
that have self dual plane projections. As a notation for the singularities of 
a plane curve of order n, class m,, and genus p, we shall say that it has 8 
nodes, « cusps, « inflections, and +r bitangents. 


The plane projection curve of any space curve is of the same order and 
genus as the space curve and there exist the following relations between the 


other characteristics of the space curve and those of its plane projection curve: 
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Then for the plane projection curve of a self dual space curve, we have 


4(n—1)(n—6) + m, —3p, 
k= 2(n + p—1) —m, 
with similar expressions for + and . respectively with n and m, interchanged. 
But these are entirely general Pliicker relations that exist among the charac- 
teristics of all plane curves, and therefore, the descriptive properties of the 
plane projection curve are entirely general. The nodes that are the projec- 
tions of the apparent double points must lie on an adjoint curve but that is 
true of any plane curve that is the projection of any space curve. Hence the 


theorem follows: 
The projection of a self dual space curve on a plane is a general plane 


curve with no additional restrictions due to the fact that the space curve is 


self dual. | 
Necessary and sufficient conditions that a plane curve be self dual are 


The space curve of which a self dual plane curve is the projection has the 


characteristics 
n= T, 
h+H=y+o=4(n— 2) (n—3) — 8p, 
B=m+vu—n-+ 2p—2. 
Substituting in this value of h + H the limits for h and p on a quadric, 
there results 
4H + 6B n(n—2). 


Since for this curve on a quadric 


[H] = 3(n —2) (n— 6) — 3p, 


H=0 for [p] S %2(n—2)(n—6). 


and therefore for this value of p the space curve has [H] = 0 and 


S %n(n— 2). 


Since this is the largest value of 8 for a curve on a quadric when v = 0 and 
? <n = 15, then within these limits for n and for p= 42(n —2)(n—6), 


a self dual plane curve can be the projection of a space curve on a quadric. 


In this case m — 8 when B has its maximum value. 
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When B= 0, from the condition m —n there results 


v= 2(n + 3p— 3). 
When also H — 0, 
v= n(3n — 7) —6h. 


This is the maximum value of v for a curve of given order and occurs when 
m=n and B=H=0. Then for any space curve without actual point 
singularities m-= n. 

When the curve is on a quadric, the tangent at a linear inflection must 
be a generator of the quadric. Proper curves that are the intersection of 
two quadrics can have no linear inflections. The self dual quartic of the 
first kind has 8B —1, v—0O and the self dual quartic of the second kind 
has B = 0, v= 2. 

Given any general space curve (8 = H ~v—w=0) it may be reduced 
to a self dual curve of the same order by two methods: 


(1) Keep B= H and let v—m—n. This decreases m, g, x each 
by v anda by 2v. This method gives a self dual curve of the same order and 
genus as the original curve. The same plane projection curve is obtained 
for all the space curves as v varies from 0 to its maximum value. 

(2) Keep and increase and H untilm=—vn. Forn= 8, B alone 
may increase until m =n but for n > 8, H must also increase. The plane 
projection curve varies as 8 and H vary. 


A combination of these methods gives a self dual space curve for which 
neither 8 nor v vanishes. 

For a self dual curve w may be zero or have values other than zero without 
affecting the self duality of the curve except that it may cause a lower limit 
to hold for v. 


4, Plane projection curve when space curve is self dual and space curves 
that have self dual plane projections. As a notation for the singularities of 
a plane curve of order n, class m,, and genus p, we shall say that it has 8 
nodes, x cusps, « inflections, and 7 bitangents. 


The plane projection curve of any space curve is of the same order and 
genus as the space curve and there exist the following relations between the 
other characteristics of the space curve and those of its plane projection curve: 
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Then for the plane projection curve of a self dual space curve, we have 


§ = $(n —1)(n—6) + m, — 3p, 

k= 2(n + p—1)—m, 
with similar expressions for + and « respectively with n and m, interchanged. 
But these are entirely genera! Pliicker relations that exist among the charac- 
teristics of all plane curves, and therefore, the descriptive properties of the 
plane projection curve are entirely general. The nodes that are the projec- 
tions of the apparent double points must lie on an adjoint curve but that is 
true of any plane curve that is the projection of any space curve. Hence the 


theorem follows: 
The projection of a self dual space curve on a plane is a general plane 
curve with no additional restrictions due to the fact that the space curve is 


self dual. 
Necessary and sufficient conditions that a plane curve be self dual are 
2p— 2, 
§ = = — 2) (n— 3) — Bp. 
The space curve of which a self dual plane curve is the projection has the 
characteristics 
— 3p, 
B=m+vu—n-+ 2p—2. 
Substituting in this value of h + H the limits for h and p on a quadric, 


there results 
4H + 68S n(n—?2). 


Since for this curve on a quadric 
[H] = 3(n—2)(n—6) — 3p, 

H=0 for [p] 4%2(n— 2) (n—6). 

and therefore for this value of p the space curve has [H] = 0 and 
[2] = %n(n— 2). 


Since this is the largest value of 8 for a curve on a quadric when v= 0 and 
Y 15, then within these limits for n and for pS 42(n —2)(n—6), 
a self dual plane curve can be the projection of a space curve on a quadric. 
In this case m = B when £ has its maximum value. 
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_ Forn = 16, the limits for B on a quadric are * 
for n even [B] S (n? + 22n — 82), 
and for n odd [8B] S %6(n? + 24n — 41). 
The above limit for 8 when n is even and the limit 

4H + 68 n(n—2) 
hold simultaneously for 
H = go (in? — 82n + 96) 
and this value of H can occur for 
ps Yon(n+ 6). 
Similarly, for n odd 
H = (5n? — 88n + 123) and 
p< +9). 


Then for n = 16, a self dual plane curve can be the projection of a space 


curve on a quadric if n is even for 
pS Y%on(n + 6) 
and if n is odd for 
pS %2(n—1)(n +9). 
Similar limits can be found by the same method for surfaces of higher 


order. 
When m =r the plane section of the developable is self dual. 


5. Both the space curve and its plane projection self dual. It is evident 
from the preceding section that the necessary condition that both the space 
curve and its plane projection curve be self dual is that 


This is also sufficient so far as the characteristics of the two curves are con- 
cerned. It is assumed that the projection is made from a general point of 
space—that is, from any point not on the developable surface of the space 


curve. 


*T. R. Holleroft, loc. cit., p. 53. 
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When n = m=r, there results: 


h+H=g+G=3(n— 2) (n—3) —83p, 
a=B=—n-+ 2p—2, 
= 4(n— 2) (n—3)— 3p—o, 


v= 2(p—1) = B—n. 


From these expressions it is evident that such a curve can not be rational 


and must have the limits 
p21, h+H=jn(n—5), B=n, v=0. 


If the equality sign holds in any one of these limits, it holds for all. 
To find the curve of least order satisfying these conditions, consider 
p=1, h=4n(n—5). Since for any space curve 


h = 4n(n— 2) 


f the least n is determined by the inequality 


pace 
2n(n— 5) = n(n— 2) 
which is satisfied by n = 8. 
A self dual space curve whose plane projection curve is also self dual is 
therefore possible for n= 8. For n =8 the curve has the characteristics: 
n=m=—r=—8 h=g=—12, v=), 
r=y=—12—o, (2,4). 
The symbol (a,b) means that the space curve in question is the complete or 
nt partial intersection of two surfaces of orders a and b. 
ce Since from any point of the developable, one of the apparent double points 
of a space curve projects into a cusp of the plane projection curve; from any 
point of the nodal curve of the developable, two apparent double points pro- 
ject into cusps and form a triple point of the nodal curve, three, certain 
- self dual space curves for n < 8 may project into self dual plane curves from 
2 points on the developable. The following results hold for any n: 
° A self dual space curve for which 


B=n+2p—3, r—=n+1, 


projects into a self dual plane curve from any point of the developable; 
4 
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B=n+2p—4, r—=n+2, n2B, 
projects into a self dual plane curve from any point of the nodal curve; 
B=n-+2p—5, r—=n-+83, 


projects into a self dual plane curve from a triple point of the nodal curve, 
For n < 8, these curves are all rational. 
The limit y = 0 gives the following limit for £, 


BS \%[r(n— 6) + 4(n —o — 2v]. 
When r—=n, o—0, v=fB—n, this becomes 
BS 448). 


When n = m = 7, this serves as an upper bound to f for any surface. 
When H —0, BS Yn’ and since also B =n + 2p — 2, we find for p 
the limit 
p= 


When H > 0, consider curves on quadrics, cubics, etc. For curves on 
quadrics, since h = 4n(n — 2), when n= m—=—r 


2) (n—6)— 3p. 
Substituting this value of H in the limit B = 4%(n? — 4H), we obtain 


BX<4(2n+3p—3). 


But B=n-+ 2p—2. These two values of B are satisfied simultaneously by 
pi. Since p can not be zero, there remains only p—1. Therefore curves 
for which n = m =r can exist as complete intersections (or for n odd with a 
straight line residual) on quadric surfaces only for the genus unity. 

For n = 16, the maximum number of cusps of a space curve on a quadric 


for n even and H = 0 is 


[8B] S (n? + 22n — 32 — 8H). 
Substituting in this the value of H obtained above, there results 
BS Y%6y(38n — n? — 56 + 24p). 


Solving this with B =n + 2p— 2, we obtain 


or p 
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p= %(22n — n? — 24) 


which gives p= 1 for n 20. 

Similarly, for n odd we find that p=1 for nS 21. 

Combining this result with that obtained from the limit y = 0, we have 
finally : 

Self dual space curves whose plane intersections are also self dual curves 
can exist as complete intersections (or for n odd with no more than a straight 
{ine residual) on quadric surfaces only for an order n =21 and the genus 
anity. 

In a similar way for curves on cubic surfaces such that the residual does 
not exceed the order two, we find that space curves for which n = m =r may 
exist for n = 23 and n = 26 and for the following genus limits: 


n=14, %o(n? —6n-+ 20); 

15S nS 23 
1S pS %(24n — n? — 27) for (4n, 3); 
1SpS (28n— n? — 43) for (4[n + 1], 3); 
1S pS \% (26n —n? —34) for (4[n + 2], 3). 


For n= 26, the curve lies on (3,9), p=1, B=26, h=200, H = 73, 
r= m= 26, v= 0. 
Similar limits can be found for curves on quartic surfaces and surfaces 
of higher order. 
From the fact that y=0, we have found that for n—=m—r when 
H=0 
BS and pS \e(n—4)?. 


This serves as an effective limit on surfaces of orders 2 and 3 whether the 
curve be a complete intersection or not, but for surfaces of higher order it 
is only an upper bound. This does not mean, however, that all such curves 
on quadric and cubic surfaces within the genus given exist. This will be 
illustrated in the following examples. 

The curve of lowest order for which n= m —r on a cubic surface is of 
order 9. This curve has p—1, h + H —18, B =9, and may be considered 
on the surfaces (3,3), h=18, H=—0 or (2,5), h=16, H=2. 

For n=10, p=1, h+ H=25, B=10. This curve may be con- 
sidered as (2,5), h = 20, H —5 or (3,4), h = 24, H =1 or (4,4), h = 25. 
Also for n= 10, p=2, (2,6), h=21, H—1, B—=12, v=2. 
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For n = 11, curves of genus 1, 2 and 3 as given by the above limit are 
all found to exist. 

For n= 11, all the curves within the genus given by the above limits 
have been found to exist. For n= 12, however, for each order some of the 
curves within these genus limits do not exist. 

For n = 12, the highest genus 4 given by the above limit does not belong 
to a curve that exists, since for n = 12, h #33. The curve of highest genus 
that exists has p = 3, B = 16, v= 4, (2,8), h = 34, H = 2 or (3,4), h = 36, 
H=0. 

For n = 13, p = 5, the curve does not exist. For p=4, 8B =19, v=6, 
(2,9), h—=42, H=1. For n= 14, the curve does not exist for p= 6, but 
for p=5, B=22, (2,10), h=51, H=0. When n=—15, curves for 
p=6,7 do not exist and for p=5, (4,4), B= 23, h=63, H=0. Ete. 


6. EHuxistence of curves. In the preceding section, the term “ exist” 
has been used to mean that certain curves of given order, or given surfaces 
and having no actual singularities exist. As to whether such a space curve 
still exists when actual singularities within the limits prescribed are added 
to its singularities, the same discussion holds as that given in the last section 


of the paper, “ Limits for actual double points on space curves.” * 


WELLS COLLEGE. 


*T. R. Hollecroft, loc. cit., pp. 54-55. 
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Expansions in Terms of Certain Polynomials 
Connected with the Gamma-Function. 


By- BorDEN PARKER HOOVER. 


I. INTRODUCTION. 


1. Statement of the Problem. The nth difference of any solution of 
the equation f(z + 1) —<af(x) can be written as the product of f(z) and a 
polynomial of degree n (n=—1, 2, 3,- ++). We denote this polynomial by 
P,,(a) and define Po(x) to be 1. 

Let vyu(a) denote the sum, u(x+1)-+u(a). Perform n times on 
f(x) the operation indicated by y. The result can be written as the product 
of f(z) and a polynomial of degree n (n= 1, 2, 3,- This polynomial 
we denote by P,, (az) and define Po(x) to be 1. 

The polynomials so defined are: 


(1) Pr(x) =a(a4+1) —na(x+1):- +n—2) 


It is the purpose of this paper to consider some of the properties of these 
two sets of polynomials; in particular, to obtain expansions of arbitrary 
functions in terms of these polynomials and functions associated with them; 
and, finally, to generalize the expansion theory to functions of any finite 
number of variables. The method of Neumann * will be used in obtaining 


the expansions. 


II. PROPERTIES OF THE POLYNOMIALS. 


2. Recurrence Formulae for the Polynomials. The polynomials Pn(2) 
satisfy the following relations: 


(A) + 0) Pai + 1)Pa(x) = 0, 

(B) (a@+1)Pn(x + 2)—(x +» + 2)Pa(a +1)+ Pa(x) = 0, 
(C) + n +1) Paa(x)—(n + 1) = 9, 
(D) +1)+ Pa(x) =0. 


* See Watson’s Theory of Bessel Functions (London, 1922), Chapter 9. 
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To obtain (A) make use of the relation fi(x-+ 1) =af(«), whence f(z) = 
f(z +1)—f(x)=(x—1)f (x) ; find the successive differences of f(x), mak- 
ing use of the identity, y{u(x)v(x)} = + yu(z)- (2), 
in the right member; in the nth difference so obtained replace n by n + 2; 
then make use of the definition of Pn(x). To get (B) write equations 
giving the nth differences of f(z) and f(a-1) obtained as above; from the 
first of these equations get two new equations by replacing « by x+1 and 
«+ 2, respectively; from the second get three new equations by putting 
(1) 2=—2+1, (2) n—=n—1, and (3) and n=n—1; by eli- 
mination, one obtains from these seven equations a relation in the nth differ- 
ences of f(z), f(x +1), and f(~+ 2); then make use of the definition of 
P,(z). (C) comes at once from the expression for the nth difference of 
f(x) on replacing n by n+ 1 and dividing out the factor f(x). Finally, 
subtract (C) from (A) and replace n by n—1 to get (D). 

These formulae will be useful for obtaining explicit formulae for P»(z). 

Corresponding recurrence relations for the P,(x), obtained in a similar 
manner, are: 

(A) + + 2) + (m + 1)Pn(x) = 0, 

(B) (@ +1) + + 0) + 1)—Pn(z) = 0, 

(C) + 1)—(a + +1) + 1)— Pn(z) = 0, 

(D) + 1)—(m +1) + (x) = 0. 

3. Eaplicit Formulae for the Polynomials. The Gamma-function is a 
solution of the equation f(z +1) —<af(x). If R(x) denotes the real part 
of z, T(x) can be written in the form, 


co 
= v-lerdy, R(x) >0. 
0 


On finding the nth difference of T(x) from this integral representation and 
remembering that -T'(2) = y"I'(x), we are led to the relation, 


(2) P, (2) =1/T (2) — 1) "dv, R(x) > 0. 


A contour integral representation of P;(x) can be obtained by using the 
Laplace transformation in connection with the equation, 
(e+ 1)u(e-+ + u(x) =0, 
which we know from (B) to be satisfied by P,(x). We seek to determine a 
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function ¢(¢) and a path of integration so that we can express u(z) in 


the form, 
u(r) = f dt. 
Substituting this assumed integral for u(w) in the foregoing difference equa- 


tion and proceeding formally, we are led to the formal solution below, which 
is easily shown, by substitution, to satisfy the given difference equation: 


(0+) w+n-1 p-(t/1+t) t 
f (¢+ 1) d 


where the contour is any closed curve including the point zero and excluding 
the point —1. Now let s(t+1)——d. This transformation clearly 
leaves the character of the contour unchanged and we have the relation, 


It is easy to evaluate this last written integral by making use of the theory 
of residues. Comparing the value of u(x) so obtained with the expression 
for Pn(x) given by (1), we identify as Hence we can 
write the two formulae for Pn(x), 

(0+) vin-1 p-(t/1+t) 
(3) Pu(x) = n!/2ni dt, 

(0+) -2 98 

(4) P, (x) = n!(—1)"/2m f ds, 


valid for all values of 2. 
The following corresponding formulae for Pn(x) may be similarly 


derived : 


(27) Pa(x) =1/T (2) fom e*(v + 1)"dv, R(x) > 9, 


(0+) (1 + {) (t/1+t) dt 


(8) = 0! f 
(0+) 


4. Generating Functions for the Polynomials. The formulae (3) and 
(4) may be used to define the P, (a) as coefficients in infinite series.. Notic- 
ing that P,(z) is the nth coefficient in the Maclaurin expansion of the inte- 
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grand except for a factor independent of the integration variable, we have at 


once the equations, 


(5) e7(t/1+t) (t"/n!), 
n=0 


Making use of (3’) and (4’) we get similar generating functions for 
the P, (x). They are: 


(6’) (1+s)-7 = (—1)"Pn(z) (s"/n!). 


=0 


III. Expansions or ARBITRARY FUNCTIONS IN TERMS OF THE 
POLYNOMIALS AND THE ASSOCIATED FUNCTIONS. 
5. Expansion of 1/(t—-2) in a Series of Binomial Coefficients. By a 
method used by Bendixson,* we are led to the identity, 
x a(x+1) 
(+n) + Ru(t, 2), 
1 
-T(t) 1 
t—z 


Making use of the asymptotic character of the Gamma-function, it is clear 


that the remainder term approaches zero as nm increases indefinitely provided 
that R(t) > R(x). Hence we have the relation, 


oo 

1 om i ft 
6. The Binomial Coefficients in Terms of the Polynomials Pn(xr\ and 
Pr(x). If the n +1 equations, obtained by lettng n take the values 0, 1, 2, 
*, m in (1) in order, are written and then multiplied in reverse order 


* Acta Mathematica, Vol. 9, pp. 7, 8. 
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by the binomial coefficients for the exponent n, and added, we get the 


equation, 

(8) = (2)Pr(2), 

and in a similar way, ‘ 

k=0 


%. A Modified Form of the Cauchy Integral Theorem. We shall make 


use of the lemma, 


Lemma. Let f(x) be analytic, except, perhaps, at infinity, on and in 
the region to the left [right] of the line R(x) =a. Furthermore, let f(x) 
have the property that, for all values of x in this domain, there exist the post- 
tive numbers « and K, such that we may write the inequality, 


| |< K. 
Then f(z) may be written in the form, when R(x) < a[> al, 


(9) f(x) =1/2ni f Oe [ 1/25 f or] 


The relation just written is obtained as a limiting form of the ordinary state- 


A 


ment of Cauchy’s Integral Theorem for x within each of a sequence of semi- 
circles Cy, (k =1, 2,° - -), having the properties: the center of C; of radius 
px is at a fixed point P on the line R(a) —a, and its diameter is on the same 
line ; Cz encloses only points to the left [right] of R(x) =a} pra < pe < pret 
and p, approaches infinity as k becomes infinite. The restriction on f(x) 
is such that the part of the integral contributed by integrating along the arc 


of C;, approaches zero as k becomes infinite. 
8. Formal Expansion of 1/(t —x) in Terms of the Polynomials Pn(2) 
and P,(x). Using the results given by (7) and (8) we have at once the 


expression for 1/(t—72), 


Po(z) Po(x) + Pi(2) 
(10) 1/(t—e) = 
Py(x) + 2P,(x) + 
t(t + 1)(¢ +2) 


By a 
t,2), 
|| 
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Assuming temporarily the validity of any sort of rearrangement, we reckon 
out the coefficients of the successive polynomials and get the relation, 


(11) 1/(t—2) = Pa(2) Qa(?), 

where 


Proceeding in a like manner, we have a corresponding formally derived 
series expressing 1/(t— x) in terms of the Pn(z), 


(11’) 1/(t—2) = Pala) Q(t), 
where 
9,(t) = (n) ) 


(¢+n+4+1) 


The functions Q,(¢) and Qn(t¢) will hereafter be referred to as the functions 
associated with P,(z) and Pn(az), respectively, in the formally obtained 
series given above. We proceed to the question of convergence of the fore- 
going series. 


9. Dominating Functions for the Polynomials Py(x) and Qn(t). 
Case I. When R(x) —r> 0, we may write, using (2), 


1 
I'(z)Ps(z) = f e*(y—1)"dv + f — 1)" dv. 
0 1 
Whence we may write the inequality, 
1 1 
| T(x) Pn (x) | yr-1 | | |» dv — f dy 
0 0 


+ f dy=1/r+T(r+n). 
0 
Therefore 


(12) | Pa(z) |S {1/r-+1(r-+n)} 


where g(2) is independent of n. 


Case II. When R(x) =—aX0, we get from (4) of section 3, by 
taking the contour to be a circle with center at the point zero and with radius 
p <1 and putting r——a-+ 1b, 
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(—1)"n! (1 + pcos 6 + tp sin 6)%** - exp(p cos 6 + sin @) 
P,(x) > dé. 
p” exp (16) 


Hence we may write the inequality, 


n 
| Pa(z) |S f exp(a- log V1 + 2p cos 6 + p? 
‘allied 0 
p sin 
6b: arc tan ) dé 


Sen! /p" exp{a-log(1+p) + |b|7/2}, (pe <1), 
Slim n!/p" exp{p + a: log(1 +p) +| 6 | 


=n!exp(1+a-log2+ |b | 2/2). 
Hence 
(13) | Pa(z) | Sc(x) n}, 


where c(x) is a quantity independent of n. 

It is convenient to find a dominating function for Qn(¢t) by expressing 
it as a definite integral. Using the formal relation (11) and obtaining two 
more by replacing x by x + 1, and z+ 2, respectively, and then multiplying 
them in order by 1, —(a-+ 2), and (+1), and adding, we get, after 
making use of (B), 


1 a+2 a+1 00 


But the left member of this equation is equal to 


1 t+1 t—1 


Hence, if we again use (11) and put ¢=¢-+1, and ¢—1, respectively, then 
multiply in order by —(¢t+ 1), 1, and ¢—1, and add, the right member 
of the resulting equation should be equivalent to the right member of (14). 
By equating coefficients of corresponding terms and replacing ¢ by ¢-+ 1 in 
the equation so obtained we are led to the recurrence relation, 


(B’) Qn(t-+2) — (t-+n +2)Qn(t +1) + tQn(t) =0. 


Laplace’s transformation in connection with this equation leads at once to 
the integral below, which is easily verified by substitution to be a solution 


of (B’), 


f (1— u)*1 wu" e% du, R(t) > 0. 
0 


1) 
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This integral can be identified as n! Qn(¢) if, after expanding the exponen- 
tial in the integrand and integrating term by term, it is compared with the 
series for Qn(¢) in section 8. Using the form for Q,(¢) so obtained and 
integrating by parts, we have Q,(t¢) in the form, 


(1—u)*ut o(u+n)du, R(t) >0. 


Denoting R(t) by s, we have the inequality, 


e(n + 1) + 1) 
(16) [Q.(t) |S P(s+n+1) 


10. Convergence Proof for the Series Formally Representing 1/(t—72). 
It is easy to show that in the series obtained by replacing the terms of the 
series in the right member of (11) by the functions found in the preceding 
section which dominate their absolute values, the ratio of the nth and the 
(n+ 1)th terms can be written in the form, 


n 


Therefore, the series in the right member of (11) converges absolutely, pro- 
vided s > r. 

In a similar way the absolute convergence of the series in the right 
member of (11’) can be established. 


11. Equivalence of 1/(t—x) and its Formal Expansions in Terms of 
Pn(z) and Pn(x). Consider the coefficients Qn(t) of Pn(x) in the right 
member of (11) as being written at length in their infinite series form. 
Then consider the double series formed by arranging the terms so that the 
general term has the form, 

(m) 
== (), n<m. 


Un,n = Pm (x) n=m, 


If we let {Sm,n} denote the double sequence of positive numbers obtained by 
letting m and n vary independently where Sm,, represents the sum of the 
absolute values of the terms wm,n in the rectangle composed of the first n 
columns of the first m rows, then the sequence {S»,n} is monotone. Further- 
more, since 


1 1 
t(¢+1)°--(t+n) = ’ 


s= R(t) > 0, 


4 
4 
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it is easy to establish the existence of the limit, 


lm lim. Sax, 

n->0O 
since the same dominating functions already used for the Qn(t) apply here 
also. We conclude then to the existence of the sum of the double series whose 
general term is | wm,» |.* Hence, the double series whose general term is 
m,n converges absolutely whence the sum by rows equals the sum by columns. 
But we have already seen the equivalence of 1/(t—2) and the sum by 
columns in section 9, so that we have established the validity of the expansion 
given by (11) provided that R(t) >0 and R(t) > R(a). 

In an analogous manner the validity of (11’) can be established. 


12. Recurrence Formulae for the Associated Functions Qn(t) and 
9,(t). In addition to (B’) obtained in section 9, the Qn(t) satisfy the 
following relations: 


(A’) (m+ 2) Qnio(t) + (t + 2) Qnir(t) — Qn(t) = 0, 
(C’) tQnsi(t) — Qnii(t +1) —Qn(t +1) =0, 
(D’) (é + 1)—(t + +1) Qner(t) + Qn(t) = 0. 


These formulae can be verified by using the integral expression for Qn(t) 
which is valid for R(t) > 0. It follows that the formulae hold wherever the 
functions Q,(t¢) are defined by analytic continuation. 

Analogous formulae may be written for the functions Qn(t) associated 
with the polynomials P,, (x). They are: 


(mn 42) + + 2) Dner(t) + 2n(t) = 0, 
(B’) + 2)+(t +n) + =0, 
Quai (t + Qn(t +1) =0, 

(D') Qna(t + + m—1) Qn(t) =O. 


13. Expansions of Functions in Terms of Pn(x) and Pnr(z). We 
have seen that a function f(a) may be expressed in the form (9) provided 
the restrictions imposed there are satisfied. Using the results obtained there 
and substituting for 1/(t— 2) its expansion (11) in terms of the P, (x), the 
validity of which was established in the preceding section, we have the 
relation, 


a+ 


f(t) { Qn(t) 


a-i 


f(x) = 


* See, ¢. g., a theorem on page 465 in Hobson’s Theory of Functions of a Real 
Variable, First Edition. 
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To justify integration term by term in the right member, we first show that 
the integrals of the separate terms exist. We have 


+ isyf(a + is) ds | 


|  Qn(a + ts) (a + is) *f (a + ts) ds 
(a + is)€ 

ds 

nT(a+n-+1) (a -++ 8) 
where account has been taken of the restriction on f(x) and the bounds 
already obtained for the polynomials and the associated series. Hence, the 
above inequality holds provided that a is a positive number. It is obvious 
that the integral in the right member of the inequality exists and so we may 
integrate term by term if Rn(az,¢) approaches zero as n becomes infinite, 


| Fe Qn(t)f(t)dt | = 


where 


k=n+1 


It is clear from (11) and (16) that the series 
Pn(x)tQn(t) 


converges for all values of ¢ on the line R(t) —a and, furthermore, that this 
convergence is uniform with regard to ¢. Hence, we have the inequality, 


where 8,(z) is a function independent of ¢ and has the property that it 
approaches zero as n becomes: infinite. Therefore, using the hypothesis made 
on f(x), we have 

ds 


Tim | Ba(2, ¢) | S lim 8,(2)K 


These results may be summed up in the following theorem : 


THEOREM I. Let f(x) be analytic, except, perhaps, at infinity, for x on 
or to the left ofi the line R(x) =a,a>0. Furthermore, let f(x) have the 
property that for all values of x in this domain there exist positive numbers 
« and K such that we have the inequality, 


| a*f(x) | < K. 
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Then f(x) has the expansion, when R(x) <a, 


f(z) 
where 


A similar expansion in terms of the polynomials Pa(z) is obtained in an 
analogous manner. This gives the theorem: 


THEorEM II. Let f(x) be analytic, except, perhaps, at infinity, for x 
on or to the left of the lime R(x) =a,a>0. Furthermore, let f(x) have 
the property that for all values of x in this domain there exist positive num- 
bers « and K such that we have the inequality, 

| f(x) | <X. 


Then f(x) has the expansion, for R(x) <a, 


= on Pa(2), 
where 


2, (t) f(t) dt. 
a-iw 


14. Expansions in Terms of the Associated Functions Qn(t) and 
9,(t). If the roles of ¢ and z are interchanged in (11) we have the valid 
expansion, 


1/(e—t) = Qu(z)-Pr(t), R(a) > R(t). 


Substituting this series for 1/(~—t) in equation (9) of section 7 we have 
the relation, 


a-ico n=0 


To enable us to integrate term by term in the right member we impose a 
further restriction on f(z) than imposed in (9). Let f(z) be such that for 
all values of x on the line R(x) =a, a > 0, we have 


| aire F(a) | 


Making use again of the asymptotic character of the Gamma-function in con- 
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nection with the bound given in (12), we can use methods similar to those 
used in establishing the previous theorems and have the theorem: 


THEOREM III. Let fi(x) be analytic, except, perhaps, at infinity, for x 
on and to the right of the line R(x) =a, a>0. Furthermore, let f(z) 
be such that, for x in this domain, there exist positive numbers « and K 
such that we have the inequality, 


| f(x) |< K; 
and for x on the line R(x) =a, we have the additional inequality, 


glel f(x) | < K. 


Then f(x) has the expansion, when R(x) >a, 


where 


bn = 1/2mi P,(t) f(t) dt. 


The analogous theorem giving an expansion of f(z) in terms of the Qn(#) 
is stated below: 


THEOREM IV. Let f(x) be analytic, except, perhaps, at infinity, for x 
on and to the right of the line R(x) =a,a>0. Furthermore, let f(x) have 
the property that, for all values of x in this domain there exist positive num- 
bers « and K such that we have the inequality, 


f(z) |< K; 
and for x on the line R(x) =a, we have the additional inequality, 
| lel F(x) | < K. 
Then f(x) has the expansion, when R(x) >a, 
f(t) = BrQn(z), 


where 


Bu=1/2mi Dn(t) f(t) dt 
a-ioo 


15. Expansion Valid in a Strip Parallel to the Imaginary Axis. Let 
a and b be two positive numbers, b >a. Let f(a) be such that for all values 
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of x on and between the lines R(x) =a and R(x) = bd there exist positive 
numbers e and K such that we have the inequality, 


| f(z) |<X. 


It is a straightforward process to show that Cauchy’s integral theorem can be 
modified, when z is on the interior of this strip and f(z) is restricted as 
stated above, so that we have 


b-ico 2 a-tco. — 


We may make use of the expansions already obtained in terms of the P, (x) 
and the Qn(a) and get without difficulty the theorem, 


THEorEM V. Let f(x) be analytic, except, perhaps, at infinity, within 
and on the boundaries of the strip between the lines R(x) =a and R(x) =), 
b>a>0. Furthermore, let f(x) have the property that for all values of x 
in and on the boundaries of this strip there exist positive numbers « and K 
such that we have the inequality, 


| f(z) |<X, 
and for x on the line R(x) =a we have the additional inequality, 
| elelm/2 f(x) | < 


Then for x on the wnterior of the strip, f(x) admits of the expansions, 


f(t) = + bnQn(x) = + bnQn(zx)}, 


n=0 n=0 


where 


and 


f(z) = axPa(2) + > Bn Qn (a) {an Bn Qn(x)}, 


where 


b+400 at+ico 


IV. Expansions ofr FUNCTIONS OF SEVERAL VARIABLES. 


16. The theory developed in the preceding sections can be extended 
without difficulty to the case of any finite number of variables. The theorem 
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below is stated for the general case of A variables and, for simplicity, the 


case of two variables will be treated. 


THEOREM VI. Let f(21, %2,° * +, 2%) be a function of the independent 
variables, * having the properties: 
(A) 2%), considered as a function of zx, is analytie, 


except, perhaps, at infinity, in the left half of the a, plane and on the line 
= de, a > 0, =1, d). 

(B) | (41, °°, tr) | < K, for all values of 2 
on and to the left of the line R(x) =a. 


Then for x, such that R(ax) < ay we have the valid expansion, 


co 
n,=0 ‘Ng=0 
where 
@)\+400 
a)-i00 


Cauchy’s integral theorem for two variables corresponding to the modi- 
fied form which we have been using may be stated in the form, 


3-400 


(a2) Qng(te) f (th, te) dtedty, 
ng=0 


oo 


n4=0 
where 


CO 
Gn, (1/2xi)* f One (to) f to) dtodt,, 


where term by term integration is justified by exactly the same procedure as 
in the case of one variable. The method obviously applies to the case of any 
finite number of variables. 

There is a like theorem obtained by replacing P,,(xx) and Qn,(tx) by 
Pn, (%x), Qn, (te) respectively. And it is evident that by making a further 
restriction analogous to the one in Theorem IV we may state theorems for A 
variables corresponding to Theorems IV and V. 
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On the Value of the Napierian Base. 


By Derrick HENRY LEHMER. 


Four computations of the Napierian base have already been made to more 
than one hundred decimal places. The first of these was made by William 
Shanks in 1854.* Using the well-known series, he carried the calculation 
to 205 decimal places. This value is incorrect beyond the 187 decimal place. 
The second computation was made in 1871 by J. W. L. Glaisher.t This cal- 
culation was carried to only 137 places in order to verify a value given to 
this extent by Shanks in 1853. In making his calculation, Glaisher used a 
continued fraction due to Lambert namely: 


1 

The third computation was made by J. M. Boorman f in 1884. The value 
was obtained in this case by taking two terms of the series at a time. The 
work was carried to 346 decimals of which only 223 are correct. The fourth 
calculation was made in 1893 by Fr. Tichaneck.§ This 225-place value dif- 


e=1+ 


fers from the true value by about a unit in the last place and is therefore 
more accurate than Boorman’s value. Having devised a very effective method 
of finding the quotient of a pair of large integers, I was induced to under- 
take the computation of this important constant by means of the above con- 
tinued fraction. The limit of 707 places of decimals was chosen to match 
Shanks’ last value for =. 

We have from the general theory of the continued fraction, 


An An Anse 
where A,/B, is the nth convergent. From this it is seen that the calculation 
divides itself into three main parts: 


(1) The calculation of the numerator and denominator of the nth convergent. 


(2) The division of the numerator by the denominator. 


* Proceedings of the Royal Society of London, Vol. 6, p. 397. 
+ British Association Report, 1871, pp. 16-18 (Sectional Trans.). 
t Mathematical Magazine, Oct. 1884, p. 204. 
§ Fortschritte der Mathematik, Vol. 25, p. 736. 
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(3) The calculation of the expression enclosed in the brackets which we shall 
call the “ correction series.” A brief account will be given of the work 
involved in these three parts together with the processes of checking each 


part. 
The computation of the convergents is accomplished by repeated applica- 
tion of the recursion formulas: 


= (4n — 6) An-1 An-2, B, == (4n 6) + Bua 


In this computation a simple positive check is available. Many curious and 
important facts exist concerning the A’s and B’s of the successive convergents 
taken modulo any prime. The general theory has been given by D. N. Leh- 
mer * and only those properties of use in checking need to be considered here. 
Taken modulo any odd prime p, the successive numerators and denominators 
recur with a period of length 2p. The period for the numerators is divided 
into two identical parts each of which is palindromic, the centers of the palin- 
dromes being at n = (p+ 1)/2 and n= (8p+1)/2. The same is true for 
the denominators except that the terms in the second half-period are the nega- 
tives of the corresponding terms in the first. This means that if the first 
(p +1) /2 residues are computed for the numerators and the denominators, 
all the further ones are known. Now to check any particular A or B it is 
only necessary to cast out p and compare the remainder with the one pre- 
dicted. As a precaution different values of p were used. The calculation 
was carried as far as the 113th numerator and the 153rd denominator cor- 
responding to the partial quotients 446 and 606 respectively. The last two 
numerators and denominators are given below so that further calculations 
might start with the 114th numerator and the 154th denominator. 


Aira = 10 47311 24484 46039 55576 63337 23679 36336 11153 60367 03672 
55893 07944 34385 00679 65661 15306 83824 60223 32488 61481 
63240 47880 31650 46619 56463 83860 53971 61583 44513 56296 
67733 57831 95872 48389 05715 89251 00155 40151 80934 02214 
72424 47219 50810 52871 01415 29233 32780 83125 86433 
4671 03184 67090 85762 06271 91949 67771 32406 11996 84289 59296 
84291 58732 49614 03308 27983 32679 28940 87219 57739 23258 
13240 73308 38752 01244 76539 92460 24034 82656 60616 91266 
52515 07308 69999 00791 40909 79879 49147 27354 97933 60196 
76043 38921 13189 52432 21248 88528 19537 01205 98849 


* American Journal of Mathematics, Vol. 40, Oct. 1918, pp. 375-390. 


LeuMer: On the Value of the Napiertan Base. 141 


Bisz = 19551 48005 28544 41378 95432 37087 91389 31560 12537 51465 
1 14516 87840 63923 09013 62522 24501 41387 03498 69753 47012 
02498 44145 66851 68818 05120 34702 44263 83004 42421 89149 
66865 46759 95816 98371 16694 23731 91594 41745 84049 29272 
56563 27398 04760 64786 42330 51079 70062 08770 34727 85256 
07903 27801 07132 63974 01871 91577 01989 11616 77970 73782 
96834 06627 44284 51695 16976 17753 21721 41455 85860 87802 
97551 


By53==118 48199 08939 81353 74029 83433 08016 00755 31667 05910 81282 
67671 78454 02997 17099 58748 65477 86838 06635 89732 69182 
45858 00061 15252 97602 00912 27708 18649 30794 29891 36046 
36149 55211 44225 30142 11719 28058 72563 44745 44104 33351 
79817 65666 11212 45922 67993 28735 07391 65094 82510 57968 
07444 17697 72653 98928 52783 38928 87663 40398 64346 46435 
55530 01106 84155 38432 55945 86205 66687 10069 83395 83891 
67057 


In the second part of the calculation—that of dividing An by Bn—a large 
amount of actual division was saved by multiplying By; by Shanks’ value 
for e as far as it is known to be correct, and subtracting the product from 
Ais. The remainder R was then divided by Bi; and the quotient annexed 
to Shanks’ value. The multiplication was performed according to a method 
given by D. N. Lehmer* and each partial product as well as the complete 
product was checked by casting out 1001. The details of the division process 
are too complicated to be given here in full. Briefly, the process is a reversal 
of cross-multiplication, and a number Q is sought such that By;,9—R. @Q is 
determined period by period. The division was checked step by step by 
casting out 1001 and was carried as far as 522 decimals. This quotient, when 
annexed to Shanks’ 187 correct figures gives Ai:3/B1ig correct to 709 decimal 
places. Although this is probably the largest division ever made, it required 
the setting down of less than 4,000 figures, the calculation being made on a 
ten-place computing machine in twenty-four hours. The effectiveness of the 
new process is more apparent when one compares it with Glaisher’s 137-place 
division which required some 18,000 figures. 


* American Mathematical Monthly, Vol. 30, Feb. 1923, p. 67. 
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The evaluation of the correction series: 


was greatly simplified by writing it in the following form: 
which is easily obtained by using the relations: 
— AnBna = (—1)"*22, 
Bn = (4n — 6) Buns + Bro. 
This gives for n = 113 


454 462 470 


= 2 
118 


Twenty terms of this highly convergent series are sufficient to give the follow- 


ing value which is correct to 709 decimals. 


Siig = .04°°15051 38620 54024 41229 36919 32265 04583 02311 17438 16742 
30918 03984 62393 15689 43133 33053 40503 92111 75295 64524 
36677 37817 45122 94622 37124 40008 30190 23669 41230 24313 
33649 14353 06143 18243 51063 48246 24696 95290 11384 13873 


62161 69335 5 


Every step in the calculation of S11; was checked by casting out 1001. Add- 
ing this value to the value obtained for A1:3/Bi1;, we get the following value 


of the Napierian base: 


é == 2.71828 18284 59045 23536 02874 71352 66249 77572 
95749 66967 62772 40766 30353 54759 45713 82178 
27466 39193 20030 59921 81741 35966 29043 57290 
59563 07381 32328 62794 34907 63233 82988 07531 
15738 34187 93070 21540 89149 93488 41675 09244 
82264 80016 84774 11853 74234 54424 37107 53907 
55170 27618 38606 26133 13845 83000 75204 49338 
67371 13200 70932 87091 27443 74704 72306 96977 
92836 81902 55151 08657 46377 21112 52389 78442 
77078 54499 69967 94686 44549 05987 93163 68892 
77361 78215 42499 92295 76351 48220 82698 95193 
28869 39849 64651 05820 93923 98294 88793 32036 
30123 81970 68416 14039 70198 37679 32068 32823 


47093 69995 
52516 64274 
03342 95260 
95251 01901 
76146 06680 
77449 92069 
26560 29760 
20931 01416 
50569 53696 
30098 79312 
66803 31825 
25094 43117 
76464 80429 


53118 02328 78250 98194 55815 30175 67173 61332 06981 12509 
96181 88 
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The above value for e has been subjected to the following independent 
verification. If the value for A;53/B:;; were found it would represent e cor- 
rectly to 707 places without using S,;;. Therefore if the above value for e 
were multiplied by B,;3; the product should give A;53 followed by 349 zeros 
since A,53; is a 358-digit number. If it can be shown that the last few of 
these zeros actually appear, it serves as a check on those digits of the value 
for e which are responsible for-the appearance of these zeros, namely the last 
350 digits. Now by cross-multiplication, we can easily find that period in 
the product which lies under the last period of the value for e. This was 
actually done, using a %09-place value of e, and the period in the product, 
which is of the same order as the last nine figures of e, was found to be 
999999999 which amounts to 000000000. This then is a verification of the 
last 350 digits; but it is easily seen from the way in which the work was 
carried out that the last half of the value is absolutely dependent upon the 
first half and therefore this check is a verification of the entire value. Simi- 
lar checks using larger denominators can easily be made. Moreover, if we 
wish to determine the digits between the 707th and the 722nd places for 
instance, we have only to calculate the 154th denominator and multiply it by 
the above value of e in such a way as to exhibit that part of the product which 
lies under the digits in question. We then write in those digits which will 
make this part of the product a series of 9’s. Continuing this process and 
allowing the steps to overlap slightly, we can find as many digits beyond the 
707th place as we desire and have at the same time a rigorous check on the 
calculation. 
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On Differential Inversive Geometry. 
By Frank Mortey. 


§1. The Integral Invariant. 


Through the Columbia dissertation of G. W. Mullins, “ Differential In- 
variants under the Inversion Groups,” and the memoirs of Liebmann (Munich 
Berichte, 1923) and Kubota (Tohuku University Reports, 1923?), the 
foundations of differential inversive geometry for a plane curve are established. 
But the following self-contained mode of approach seems desirable. 

Denote the Schwarzian derivative of x as to y by {x,y}. Then we have 
for any number n of related numbers z, y,---,1. Cayley’s * cyclic formula 


Cu: {x,y} (dy)? + {y, 2} (dz)? +: -+ {1,2} (dx)? =0. 


Let the curve in question be given by a self-conjugate equation in x and 
its conjugate . Then by C, 


{x,Z} (dz)? + {Z, x} (dx)? = 0, 


so that {2,%}(dz)? is an imaginary, say 


1) {z,Z} (dz)? = + %(dd)*,, where d is real. 
Apply a homography 7 = ae and use Cayley’s rule for the cycle 


z, Z, y. Then since {7,¥} —0 and {y,7} —0, 
{x, (dz)? = — y}dy? 


Hence A is an invariant under homographies and is the proper real parameter. 
Using C;, for the cycle @, A, x 


{z, d} (dd)? + {A, x} (da)? + {x, da’? =0, 
so that {z, — = + A. 
Hence {z,A}=-+:1+I1, when J is real. 


I is then the fundamental differential invariant. 


* Cayley, Camb. Phil. Trans., Vol. 13, 1880. 
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If the curve is given in the form —f() where » is any real para- 
meter, then from C; 


(dd/dp)?{x, 4} = {x, — {A, 
and 21 (dA/dp)? = {x,p} + — a{a, p}. 


§2. The Curve whose Intrinsic Equation is Linear. 


The intrinsic homographic equation of a curve is the relation of J to A. 
It remains the same for all the homographic transformations of the curve. 
It is known that the curve 
I = const. 


is the loxodrome, or isogonal trajectory of arcs of circles from a point to 
another. We seek the curve given by 
I=ar+5b 


or taking a proper initial point on the curve from which to measure A, namely 
a point such that at it ITO (or the closest loxodrome has the angle 7/4). 


I= an. 
The curve is given by the equation 
{z,rA} =a(A + t/a). 
Whence z is a ratio of two solutions of 
(d?v/dd?) + 4va(A + t/a). 
(Forsyth, Treatise on Dif. Equations, § 61). 
Writing A + 1/a = kp, where x*°a = 2, this equation becames 
d?v/dp? + vp = 0 
and has the solutions in power-series 
V, = p— 
= 1— + 4y/61— 4.7. 


The curve is then x—v,/v,, where » moves parallel to the axis of reals. 
To see what happens when » is large, we note that our series are expressions 
for Bessel functions; apart from a constant factor, v, is Jx(24u°/?) and 
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v2 is Ju (34u*/?). (Forsyth, Joc. cit., §101 and 111). Now the develop. 
ment of a Bessel function in negative powers of the argument was given by 
Lommel. (Forsyth, loc. cit., § 105). 

Applying Lommel’s formula we have for z large to a first approximation 


J, (z) = (2/22) cos (2 —2/4— 7/6) +° 
Ju, (z) = cos 7/6) 


Thus z is to a first approximation homographic with exp 2uz, where z = 245, 
The general question of passing from the intrinsic equation of a curve, 
I f(A) to the map equation x—f(A) is that of integrating 


{z,rA} == f(A) 


Thus it comes under the method sketched by Klein, “ Ueber Gewisse Differ- 
entialgleichungen dritter Ordnung,” Math. Ann., Vol. 23 or Works, Vol. 3, 
p. 721. 
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